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Abstract. In his monograph (2013) Arthur characterizes the L-packets of quasisplit symplectic groups and 
orthogonal groups. By extending his work, we characterize the L-packets for the corresponding similitude 
groups with desired properties. In particular, we show these packets satisfy the conjectural endoscopic 
character identities. 
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1. Introduction 


Let E be a local field of characteristic zero and Wp be the Weil group, then the local Langlands group 
is defined as follows 

Wp if F is archimedean, 

Wp X SL{2,C) ifFis nonarchimedean. 


Lp = 
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Let G be a quasisplit connected reductive group over F and G be its complex dual group, the Langlands 
dual group is a semidirect product G x 1^^, where the action of Wi? on G factors through the absolute 
Galois group Tp = Gal{F/F). A local Langlands parameter cj) is a G-conjugacy class of admissible 
homomorphisms from Lp to ^G (see [Bor79] i. In particular, it respects the projections on Wp from both 
Lp and ^G. We denote a representative of (f> hy (j) ■ Lp —)• ^G. Let <h(G) be the set of local Langlands 
parameters and n(G(-F)) be the set of isomorphism classes of irreducible admissible representations 
of G{F). The local Langlands conjecture asserts a correspondence between ^>(G) and n(G(T)). The 
correspondence is not necessarily a bijection. In fact, it is conjectured that each (p E d>(G) is associated 
with a finite set II,^ of n(G(F)), such that they give a partition of n(G(F)) 

n(G(F))= □ n^. 


Such sets are called L-packets. The local Langands conjecture has been proved for GL{N) by Harris- 
Taylor |HTni| . Henniart [HenOO] and Scholze [Schl3] . in which case one does get a bijection. Arthur 
|Artl3| extended their results to Sp{N) and SO{N) through the theory of twisted endoscopy, and in 
his case the packets are not always singletons. By the Langlands classification of irreducible admissible 
representations of G{F), one can reduce this correspondence to the tempered case, namely one can replace 
n(G(F)) by the subset Iltemp{G{F)) of tempered representations, and ^>(G) by the subset ^bdd{G) of 
bounded parameters (i.e., the closure of the image of (plwp compact). The tempered L-packets can be 
characterized by “stability”. To explain this concept, we need to introduce the Harish-Chandra characters. 
For any vr E n(G(T)), the associated Harish-Chandra character is a distribution on G{F) defined by 


/G'(vr) := trace 



for / E G“(G(T)). Harish-Chandra showed this distribution can be represented by a G(T)-conjugate 
invariant locally integrable function 0^ over G{F). Moreover, 0jr is smooth over the strongly regular 
semisimple elements Greg{F)- Later on, we will simply call them characters. We say a finite linear 
combination 0 of Harish-Chandra characters is stable if it is G(.F)-conjugate invariant over Greg{F), 
namely 0 ( 7 ) = 0(70 for any ^ Greg{F) such that 7 = g~^y'g for some g E G{F). Then the 
tempered L-packets are conjectured to be the minimal subsets of irreducible tempered representations, 
within which some linear combination of the Harish-Chandra characters is stable (cf. Conjecture 9.2, 
[Sha9n] L 

Let D he a torus and G be a quasisplit connected reductive group over F, which is an extension of D 
byG 


1-^ G-^ G D -^ 1. 


Dual to this exact sequence, we have 


1-^ D -^ G —^ G-^ 1. 


The projection p : G — G can be extended to an L-homomorphism, so it induces a map ^bdd{G) —)• 
^bdd{G). Labesse ( |Lab85| . Theorem 8.1) showed this map is in fact surjective. For p E ^bdd{G) and 
(/> = p o (^, it is believed that the restriction H^Ig = H^. Motivated by this, we want to construct the 

L-packets of G from that of G, when G = Sp{2n) (resp. SO(2n)) and G = GSp{2n) (resp. GSO{2n)). 
In fact, one can also consider the case when G = SO{2n + 1) and G = GO{2n + 1). Note GO{2n + 1) 
is connected. Since GO{2n -|- 1 ) = SO{2n -|- 1 ) x Gm, this case would be trivial. To give the precise 
statement of our result, we need to first recall Arthur’s results about G. We fix an outer automorphism 8q 
of G, such that it is trivial when G = Sp{2n), and it is induced from the conjugate action of 0(2n) when 
G = SO{2n). Let Eq =< Oq >, then Eq acts on n(G(F)). Note Oq induces a dual automorphism 9q on G, 
so Eq also acts on <h(G) through the action of Oq on G. We denote the set of Eo-orbits in Iltemp{G{F)) 
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by Iltemp{G{F)) and the set of Sg-orbits in ^bdd{G) by ^bdd{G). The action of Sg can be extended to G, 
so we can also define the analogues of these sets for G. 

Theorem 1.1 (Arthur). (1) There is a canonical way to associate any </> G ^bddiG) with a finite 
subset of Iltemp{G{F)) such that 


(2) For (f G ^bdd{G), 


is stable. 


UtempiGiF)) = y n^. 

4>&^bdd{G) 

•= 2 ^ (07r + 0^eo) 


When G = SO{2n), we let be the set of all irreducible representations of 0(2n), whose restriction 
to SO{2n) have irreducible constituents contained in and we call an L-packet of 0{2n). In this 
sense, the sets really determine the L-packets of Sp{2n) and 0{2n). But for simplicity, we will still 
call the sets L-packets of G in this paper. 

Suppose (j) G ^bdd{G) and (f) = po Since admits a stable linear combination of Harish-Chandra 
characters, G{F) acts on by conjugation. We fix a character Q of the centre Zq{F) of G{F), such 
that its restriction to Zc{F) = Zq{F) n G{F) is the central character of n,^. Let be the subset 
of representations of tltemp{G{F)) with central character (^, whose restriction to G{F) have irreducible 
constituents contained in II,^. Let X = }lom{G{F)/Z^{F)G{F),C^). Note X acts on by twisting. 
In Corollary 14.21 we show there exists a subgroup a{S^°) of X such that for any [yf] G B^^, n ® to = 
TT^ for some 0 G Sg if and only if cj G a{S^°). Now we can state our main result. 


Theorem 1.2. Suppose 4> G ^bdd{G), there exists a subset B^ o/B^^ unique up to twisting by X, such 
that it satisfies the following properties: 

(1) 

Kfi = U B^ ® w- 


( 2 ) 




is stable. 


In this paper, we call the sets B^ in this theorem L-packets of G, although they really determine the L- 
packets of GSp{2n) and GO{2n) for the same reason as we have discussed above. When F is archimedean, 
this theorem is known due to Langlands |Lan89] and Shelstad |She79| . In fact this case could also follow 
from Theorem 1 1.1 1 directly. So in this paper, we will focus on the case when F is nonarchimedean. Note 
if B^ is a singleton, then II^ is also a singleton by part (1) of the theorem, but it is still by no means 
clear that part (2) will hold for such II^. Our proof of this theorem is by global means, and it is certainly 
interesting to know if one can establish it by purely local methods. 

The main idea of the proof is to realize the L-packet as the local component of some global L-packet. 
To describe the global picture, we let T be a number field and Ay? be the adele ring of F. We define the 
automorphic representations of G to be the irreducible constituents of the regular representation of G{Ap) 
on L'^{G{F)\G{Af)). If vr is an irreducible admissible representation of G{Af), it can be decomposed as 
a restricted tensor product 

vr = (8)(,7r^ 
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of irreducible admissible representations of G{Fy) over all the places v. These local representations 
TTy are unramified for almost all places, which is the necessary condition to form the restricted tensor 
product. We assume the global Langlands group Lp exists and it is equipped with embeddings Lp^ ^ Lp 
for all places v. Then we can define the global Langlands parameters as in the local case. We denote 
the set of So-orbits of bounded global Langlands parameters by ^(G), for this is the set relevant in the 
classification of automorphic representations of G. For any (p E ^(G), we can associate a family of local 
Langlands parameter 4)^ E ^bdd{G^) for all places by the following diagram 



Lp - - - >^G. 

So one can define the global L-packet to be the restricted tensor product of the local L-packets 

■ 

Theorem 1.3 (Arthur). There exist automorphic representations in n^. 

For any irreducible admissible representation tt of G{Ap), one can associate a family of Satake param¬ 
eters c(7r) = {c(7r^)} for all unramified places of vr. If we define an equivalence relation on the families of 
Satake parameters attached to irreducible admissible representations of G{Ap) by requiring c(7r) ~ c(7r') 
if c(7r^) is Sg-conjugate to c(7r(,) for almost all places, then another way of characterizing 11,^^ is through 
the equivalence class c((j)) of family of Satake parameters associated with the representations in n^. If 
we take the standard embedding ^ : ^G —)• GL{N,C), where N = 2n + 1 (resp. 2n) if G = Sp{2n) 
(resp. G = SO{2n)), then C{c{4>)) defines a family of Satake parameters for irreducible admissible repre¬ 
sentations of GL{N, Ap). By the conjectural Langlands principle of functoriality and strong multiplicity 
one for automorphic representations of GL{N), C{c{4>)) determines a unique automorphic representation 
of GL{N). In practice, Arthur gets around the assumption on global Langlands group by reversing our 
discussion here. To be more precise, he substituted for 'F(G) by the subset of self-dual automorphic repre¬ 
sentations of GL{N), which are induced from cuspidal automorphic representations of the Levi subgroups 
of GL{N). Then (fiy will correspond to the representations of GL(N, Fy). Since we do not have the gener¬ 
alized Ramanujan conjecture, now we can only conclude (j)y E — ^hdd{G) (see Proposition 13. lOp . 

Nonetheless, the local packet LI^ can still be defined in this case. In this way, Theorem 11.31 should really 
be viewed as a statement about Langlands principle of functoriality with respect to the embedding To 
summarize, the global L-packet LI,^ can be uniquely characterized by either an equivalence class of family 
of Satake parameters c((/>) or an automorphic representation of GL{N) associated with 4,{c{4>)). We call 
this the strong multiplicity one property for the global L-packets of G. 

The main tool in our proof is the stabilized twisted Arthur-Selberg trace formula. The ordinary stable 
trace formula has been established by Arthur in [ArtOl] p\.rtn2] [Artn3| . The twisted case results from a 
long project of Moeglin and Waldspurger [MW16] which has been finished recently. All of these also rest 
upon Ngo’s celebrated proof |Ng610| of the Fundamental Lemma. To give some ideas of the proof of our 
theorem, we would like to briefly describe two typical kinds of trace formulas used in this paper. Let 
C be a character of Zq{F)\Z^{Ap). The space of ^-equivariant L^-functions over G{F)\G{Ap) can be 
decomposed into a discrete part and a continuous part; 

L\G{F)\G{Ap),0 = lLc(G, 0 ©^Lt(G,C). 

If we take a C~^-equivariant smooth compactly supported function / = over G(A), then we can 

define an operator on L‘^-^^{GX) by 

{RdiscU)T){x)= ! _ f{y)ip{xy)dy, E lL^(G, C)- 

J ZgiApAGiAp) 
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Miiller |Miil89| showed this operator is of trace class, so we can write 

trRdiscif) = '^rn{n)fQ{n). 

ft 

where the sum is over all irreducible admissible representations of G{Af) and m(n) is the multiplicity of 
TT in 0- We define the discrete part of the trace formula to be the following distribution 

I%scU) = trR%scif) + “ symmetric part in Ll^^^{GXy\ 

where the symmetry on the continuous spectrum is given by the action of the regular elements of the 
relative Weyl groups (see Section 1 ^ . The stable trace formula gives a stabilization of this distribution 
relates the “error terms” to the stable distributions on some smaller groups, i.e, elliptic 
endoscopic groups of G. We state it in the following theorem. 

Theorem 1.4 (Arthur). By induction, one can define a stable distribution 

(1-1) Sgfif) = igfif) - ^ l{G, &)sgfif'), 

G' 

where the sum is over elliptic endoscopic groups G' G of G, i{G,G') are some constants (see (15.31) ). 
and f f'^' is the Langlands-Shelstad-Kottwitz transfer. 

The relation between Sgfif) and L-packets can be described in the following conjecture. 

Conjecture 1.5 (Stable Multiplicity Formula). 

sgcif)= E 

■4>e^{G) 

and 

V 

where fv^fiv) is a linear combination of Harish-Chandra characters in some finite subset 11^ o/n(G(F„)), 
which defines a stable distribution on G{Ffi). Moreover, there is an explicit formula for the constants a^. 

In this conjecture, 'I'(G) is the set of so-called global Arthur parameters of G, which generalizes the 
set <h(G) of bounded global Langlands parameters. The global packet 11^ = (^(,11^^ associated with the 

stable distribution Sgf) is called a global Arthur packet. One can view the global L-packets as a special 
case of global Arthur packets, and the local L-packets that we are looking for will be the local components 
of some global L-packets, which contribute to Before we can talk about how to isolate a global 

L-packet from S%^fif), we want to introduce the twisted version of (|l.ll) first. 

Let w be a character of G{Af)/G{F)G{Af) and 6 G Sq, we define the discrete part of the (0, a;)-twisted 
trace formula to be 

= tr{R{e)-^ o R{uj) O Rgfif)) + “ (6»,u;)-twisted symmetric part in 
where R{9) is induced by action on G{Af) by 6, and R{uj) is induced by multiplication on LgfiG, () by 
uj. Then the stabilization of (f) is given by the following theorem. 

Theorem 1.6 (Moeglin and Waldspurger). 

( 1 . 2 ) 2£’“'{/) = E ‘(G. o')sSUF), 

G' 

where the sum is over {9, ui)-twisted elliptic endoscopic groups G' of G. 
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One application of (11.21) is it gives a multiplicity formula for the automorphic representations of G. 
Let X = Hom(G(Ap’)/Zg(Ap’)G(Ap’),C^) and Y = Hom(G(A^)/G(F)Z^(Ap’)G(Ap’),C^). If fr is an 
irreducible admissible representation of G{Kp), we write Y (fr) = {u € Y : tt = n 0 co}, which is finite. 

Proposition 1.7. (1) Suppose n is a discrete automorphic representation ofG, and n is an irreducible 

constituent of n restricted to G{Af). If [vr] G for (j) G ^{G), then 

(1.3) m(it) = m^\Y{it)/a{S^)\, 

where a{S^) (see (I2.15h ) is a subgroup ofY{Tr), = 1 or 2. Moreover, = 2 only when G is 
special even orthogonal, 4> ^ (see Section no) . and TT 0(jj = 7r®° for some co gY. 

(2) Suppose TT and vr' are discrete automorphic representations of G, and there exists uj G X such 
that TT^ is TjQ-conjugate to tt( 0 uj^ for all places. If it is an irreducible constituent of n restricted 
to G(Ai7’) and [vr] G II,^ for (f> G ^{G), then there exists some u' G Y and 6 G Yq such that 


^ 0j. 


Back to the proof of Theorem ll.2l a key step is to isolate the global L-packets from the stable distribution 
^disc(f) f = ^'vfv such that is So-invariant. By the theory of multipliers, one can isolate the 
parts associated with different equivalence classes of families of Satake parameters. For (p G ^{G), the 
equivalence class c{(p) determines the packet of G uniquely from our previous discussion. But this 
may not be the case for G. In view of part (2) of Proposition 11.71 this means if the global L-packet 

exists for cp G ^{G), there might exist u gY such that 11^ / (g) u, whereas = B^^ (g) ujy for almost 

all places. For our proof, we only need something weaker, that is we will fix a nonarchimeadan place u, 
and we require if B^^ = B^^ (g) Wy for all places v ^ u, then B^ = B^ (g) u. Such global parameters can 
be constructed using the result of Sug-Woo Shin on automorphic plancherel density |Shil2] . At last, we 
prove the following global result, which is parallel with Theorem 11.31 


Theorem 1.8. 


For (j) G d>(G) satisfying S^ = 1 (see Section \27Bi) . there exists a global L-packet 


Bt = (g)'Bi 


of G unique up to twisting by Y, such that if n is an automorphic representation of G whose irreducible 
constituents in the restriction to G{Af) are contained in ti^, then [vr] is contained in B^ 0 uj for some 
OJ GY. 

The local and global results of this paper will be proved together by a complicated induction argument. 
For the purpose of giving a clear proof of the local results, we have minimized the global assumptions 
needed in our induction arguments by imposing very restrictive conditions on the global results (like in 
Theorem 11.81) . In a sequel to this paper, we will prove the global results of this paper in a more general 
setting. 

A full description of the discrete spectrum of G will also require the Arthur packets. Unfortunately, the 
technique in this paper will not be sufficient for that. This is somehow reflected by the fact that the Arthur 
packets of G can have more complicated structure than its L-packets. To be able to construct the Arthur 
packets of G in the nonarchimedean case, one will need to extend the works of Moeglin |Moeg06| |Moe 
on explicit construction of the Arthur packets of G. The global case could be even more challenging, 
because that would require certain description of the residue spectrum for both G and G. So we would 
like to keep that as a project for the future. 

This paper is organized as follows. In Section [2l we discuss various group theoretic properties about 
G and G. We introduce their Levi subgroups and twisted endoscopic groups. We also discuss the 
relation between $(G) and $(G) both in the local and global cases. We recall some known results about 
restricting the local representations of G to G, in particular we have restriction multiplicity one in this 
case. In Section [3l we review Arthur’s endoscopic classification theory for G in the tempered case. In the 
local theory, we describe the 0-twisted endoscopic character identities (or character relations) for G and 
9 G Bq. In the global theory, we give Arthur’s multiplicity formula for automorphic representations of G. 
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In Section m we state our main local theorem (Theorem 14.6p . In this theorem, we formulate the {0,u)- 
twisted endoscopic character identities for G and ui € X, which are natural extensions of the 0-twisted 
endoscopic character identities for G. Similarly we also formulate the natural extensions of the twisted 
local intertwining relations from G to G. In Section [5l we introduce various stable trace formulas used in 
this paper. We prove Proposition 11.71 as an application of the twisted stable trace formula. We also state 
some global conjectures, whose special versions have to be proved together with our main local theorem. 
In particular, we give the precise statement of Conjecture 11.51 in the tempered case. In the end of this 
section, we make a comparison of both sides of the twisted stable trace formulas for G, which is analogous 
to what Arthur did for G. In the final section, we give the proofs of our main local theorem together with 
all the global theorems by an induction argument. In particular, we address the issue of lack of strong 
multiplicity one as we mentioned above. 

Some standard notations: If G is a reductive group over a field F, let G^ be the identity component, 
Gder be the derived group of G^, Gsc be the simply connected cover of Gder-, and Gad be the adjoint group 
of Gder- We denote the centre of G by Zq or Z{G), the split connected component of Zq by Aq- If G is 
connected, let X*{G) be the group of algebraic characters of G over F and og = Homz(Ai*(G), M). If F 
is a local field, there is a homomorphism FIq ■ G{F) —>• ac defined by = |x(g')|F for g G G{F) 

and X £ X*{G). If G is abelian and 6 is an automorphism of G, let G® be the 0-invariant subgroup of G, 
and Ge be the 0-coinvariant group of G, i.e., Gg = G/(0 — 1)G. If A is a locally compact abelian group, 
we denote its Pontryagin dual by A*. 

Acknowledgements: The author wants to thank his thesis advisor James Arthur for his generous 
support and constant encouragement when this work was carried out. He also wants to thank the hospi¬ 
tality of the Institute for Advanced Study, where he finished writing up the current version. During his 
stay at IAS, he was supported by the National Science Foundation No. DMS-1128155 and DMS-1252158. 
At last, the author wants to thank the referee for many helpful comments and suggestions. 

2. Preliminary 


2.1. Groups. 


2.1.1. Similitude groups. Let T be a local or global field of characteristic zero and F be its algebraic 
closure. When F is global, let us denote the adele ring over F by Ap, and the idele group by Ip. The 
absolute Galois group over F is written as Tf or T for abbreviation. Let G be a quasisplit connected 
reductive group over F and D be a torus. We denote by G an extension of D by G 

(2.1) 1- >G - >G^^D -^1. 


Let us denote the centres of G and G by Zq and Zq respectively. Sometimes we need to distinguish A for 
different groups, so we will also write Xq = A. The primary example that we are going to consider in this 
paper is when G is a special even orthogonal group or a symplectic group, and G is the corresponding 
similitude group, in which case A is called the similitude character. 

A split general symplectic group (or symplectic similitude group) is defined as follows 

GSp{2n) = {g e GL{2n) : g ^ ^g = X{g) ^ }, 


where J„ = 


/ 1 \ 

1 


VI 


and X{g) is a scalar. It is connected as an algebraic group. A split general 




even orthogonal group (or orthogonal similitude group) is defined by 


GO(2n) = {ge GL{2n) : g 


0 Jr 

Jn 0 


n \ t 


9 = Hq) 


0 Jn 

Jn 0 


}• 
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Since (detgr)^ = it has two connected components depending on whether detg/X{g)"' being 1 

or —1. Let us denote the identity component by GSO{2n), and we call it the connected general even 
orthogonal group. Because SO{2n) (resp.GS'0(2n)) has an outer automorphism from the conjugate action 
by 0{2n) (resp.GO(2n)), let us denote an outer twist of SO{2n) (resp.G50(2n)) with respect to this outer 
automorphism and an arbitrary quadratic extension E/F by SO{2n,rj) (resp.G50(2n, r/)), where g is the 
quadratic (idele class) character associated to E/F hy the local (global) class field theory. We would like 
to allow E = F and r/ = 1, in which case this is the split group. If G = SO{2n,g), we define go = V- If 
G = Sp{2n), we define go = 1. These groups that we have defined above give all the quasisplit general 
symplectic groups and quasisplit connected general even orthogonal groups. 

Another description of quasisplit general symplectic groups and quasisplit connected general even or¬ 
thogonal groups is given by 

G5p(2n) = (Gm X 5p(2n))/(Z/2Z) and GSO{2n,g) = {Gm x SO{2n,g))/{Z/2Z), 

where Z/2Z is embedded diagonally into the centre of each factor. The similitude character A is square 
on Gm and trivial on the other factor. More generally we can define 

(2.2) G{Sp{2ni) x • • • x Sp{2ns) x 50(271^+1, r/i) x • • • x SO{2ns+t, gt)) 

to be 


(Gm X Sp{2ni) X ••• X Sp{2ns) x SO{2ns+i,gi) x ••• x 50(2ns+t,r7t))/(Z/2Z), 
where Z/2Z is again embedded diagonally. We can also generalize the similitude character A to these 
groups such that it is square on Gm and trivial on all the other factors. At last let us write GSp{0) = 
GSO{0) = Gm and set A = id in this case. 

For any quasisplit connected reductive group G defined over F, we denote by G its complex dual group, 
by Z{(G) the centre of G, and by ^G its L-group, which is a semidirect product of G with the Weil group 
Wp-, i.e., G yiWp- Then dual to the extension (12.Ih . we have 

1-^ D -^ G —^ G -^ 1, 

where all the homomorphisms can be extended to L-homomorphisms of L-groups. If G is GSp{2n) or 
GS0{2n,g), then G is the general Spin group 

GSpin{2n + 1,C) = (C^ x S'pin(2n + 1,C))/(Z/2Z) or GSpin{2n,C) = (C^ x Spin{2n,C))/{Z/2Z), 

where Z/2Z is embedded diagonally to the centre of each factor. Here the embedding needs to be 
specified. Note that the Spin group is an extension of the special orthogonal group by Z/2Z. If we denote 
the generator of this Z/2Z by z, then in defining the general Spin group we want Z/2Z to be embedded 
to < 2 ; > for the Spin factor. In fact, Z{Spin{2n + 1,C)) =< 2 ; >, and for Z{Spin{2n,G)) there is an 
exact sequence 

1- > < z > - > Z{Spin{2n,G)) - > Z{SO{2n,C)) - > 1 . 

We take a preimage of the generator of Z{S0{2n,C)) = Z/2Z in Z{Spin{2n,C)) and denote it by w, then 
it is well-known that = 1 if n is even and w'^ = 2 ; if n is odd. On the other hand, Z{GSpin{2n + t, C)) = 
C^, and Z{GSpin{2n,C)) = x Z/2Z. This is because when n is even u = (l,tc) (resp. u = 
when n is odd) splits the exact sequence 

I-^ G""-^ Z{GSpin{2n, C))-^ Z{S0{2n, G))-^ 1. 

^G is GSpin{2n -|- 1,C) x Wp or GSpin{2n,C) x Wp where the action of Wp on GSpin{2n,C) factors 
through the Galois group Tp/p of the quadratic extension E/F associated with g, and it acts trivially 
on C^. It is interesting to see its action on the centre of GSpin{2n,C). If r is the nontrivial element in 
TE/F, then r is trivial on the factor and 

(2.3) t{u) = (—1) ■ u, for — I G C^. 
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If G is type (|2.2p . then G is 

(C^ X Spin{2ni + 1,C) x • • • x Spin{2ns + 1,C) x Spin{2ns+ij^) x • • • x S'pm(2ns_|_t,C))/(Z/2Z)'^“'"*, 
where (Z/2Z)^+* is embedded as the subgroup generated by 


k—1 s-\-t—k 



for 1 ^ /c ^ s + t. For ^G, the action of Wp on G factors through the Galois group F e'/F: where E' is 
the composite field E 1 E 2 ■ ■ ■ Et for the quadratic extensions Ei/E associated with iji, and it acts on each 
factor as in the previous case. 

Lemma 2.1. The image of X on GSp(2n,F), GSO(2n,F) is F^, and on GSO{2n,ri){F) is NmE/pE^, 
where E/F is the quadratic extension associated to g. 

Proof. The cases of GSp{2n) and GSO{2n) are obvious, so we will only consider the case that G = 
GSO{2n,r]). If n = 1, GSO{2,r]) can be embedded into GL{2) and A is given by the determinant map. 
Since GSO{2, r]){F) = E^, it is easy to see that the determinant map becomes the norm map on E^, and 
the image is NniE/F^^ ■ For general n, we can take a Borel subgroup B of GSO{2n,r]) with a maximal 
torus T and unipotent radical N. By the Bruhat decomposition, 

G{E) = □ B{E)wBiF), 

weW{f{F),G{F)) 

where w are representatives of w in G{E). Since W{T{F),G{F)) = W{T{E),G{E)) for T = GCiT, one 
can take w in G{F). Moreover, for = G n A^. Therefore, X{G{F)) = X{B{F)) = \{T{F)). 

Let us write G = {Gm x G')/(Z/2Z), and choose T{F) such that it consists of {x,g) modulo Z/2Z, where 
X G F^ and 

9 = diag{ 2 ;i,--- , Zn-i,y,y~^, z~^^, ■ ■ ■ ,zf^} G G{F) 

with Zi,y G F^ . If {x,g) G T{F), then {x,y) G GSO{2,r]){F), and X{x,g) = Xso( 2 ,p){x^y) = the 

other hand, if {x,y) G GSO(2,r])(F), then by letting z* = x for 1 ^ ^ n — 1, we have (x,q) G T(F). 

This shows A(f(F)) = Xso(2,rt){GSO{2,rj){F)) = Ntue/fE^- 

□ 

This lemma can be easily generalized to groups of type (12.2p . 

Lemma 2.2. Suppose G is of type the image of A on G{F) is 

F^ nNmE^/pEi n - ■ ■ (iNmEt/pE^, 

where Ei/F is the quadratic extension associated to ry for 1 ^i ^t. 

Proof. Let us denote by G the product 

(2.4) GSp{2ni) x GSp{2n2) x • • • x GSp{2ns) x GSO{2ns+i,r]i) x • • • x GSO{2ns+t, 9t), 

then G is the subgroup of G characterized by AiP^i) = ••• = As+i(fl's+t) for {gi,--- ,gs+t) G G. In 
particular, X{g) = Xi{gi) for g £ G O G. Then the lemma follows immediately from Lemma l2. II □ 

When F is global, we have the following corollary, whose proof is obvious. 

Corollary 2.3. Suppose G is of type (USD, the image of X on G{Af) is 

If n NmE^/plEi n • • • n NmEt/plEt, 
where Ei/F is the quadratic extension associated to ry for I ^i ^t. 

Corollary 2.4. Suppose G is of type (12.21) . then X{G{Af)) H F^ = X{G{F)) and X{Zq{Af)) (A F^ = 
X{Zq{F)). 
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Proof. For the first equality, by Lemma 12.21 and Corollary 12.31 it suffices to show Nm^.^plEi H = 
Nrrip.ipEf' for all 1 ^ ^ f, and this is a consequence of Hasse norm theorem (see |Neu99j . Corollary 

VI.4.5). For the second equality, note X{Z^{Ap)) = Ip and \{Z^{F)) = F^^. So we need to show 
F^ n Ip = F^^, and this follows from Crunwald-Wang theorem. □ 

2.1.2. Levi subgroups. Let G, G, D and A be defined as in Section [2. 1.1 1 If we restrict A to a Levi subgroup 
M of G, then its kernel will be a Levi subgroup M of G, and we have 

1- >M -^ 1. 

It is easy to see that this induces a bijection between Levi subgroups of G and G. 

Suppose G is a general symplectic group or a connected general even orthogonal group of semisimple 
rank n, then M is isomorphic to 

(2.5) GL(ni) X ••• X GL(n^) X G_, 

where G- is of the same type as G with semisimple rank ri- ^ 0 and n = rii + n_. Throughout 

this paper we fix a Borel subgroup B of G consisting of upper-triangular matrices and we choose M to 
be contained in the group 

/GL(ni) 0 \ 

GL{nr) 

G- 

GL{nr) 

V 0 GL(ni)/ 

In fact this gives all the standard Levi subgroups if G is GSp{2n) or GSO{2n,r]) (r/ / 1), and GO(2n)- 
conjugacy classes of standard Levi subgroups if G is GSO{2n). We fix an isomorphism from (j2.5l) to M 
as follows 

{9i,---9r,g) —^ diag{5 ri,-- - , pr, g, X{g)t9f\ ■ ■ ■ ,H9)t9f^} 

if n_ > 0, and 

{9ir--9r,9) —> diag{ 5 i,-- - , pr, X{9)tgf^, ■ ■ ■ ,K9)tgf^} 
if n_ = 0. Here tgi = Jni^9iJn^ for 1 ^ z ^ r. Under this isomorphism, the Weyl group W{M) = 
Norm(H^, G)/M acts on M by permuting the general linear factors and changing some pi to X{g)tg~^ 
(also compositions of these). Finally, note M = GL{ni) x • • • x GL{nr) x G- and W{M) = W{M). 

2.1.3. Twisted endoscopic groups. Let G be a quasisplit connected reductive group over F. When F is 
local, we have an isomorphism 

(2.6) H\Wp,Z{G)) ^Rom{G{F),C^). 

When F is global, we have a homomorphism 

(2.7) H\Wp,Z{G)) -^Rom{G{Ap)/G{F),C^), 

where Hom(G(Ai?)/G(T), ) denotes the quasicharacter of G{Ap) trivial on G{F). If we let Fy be the 
localization of F at place v, then there is a commutative diagram 

H\Wp,Z{G)) -^Hom(G(Ai.)/G(F),C'') 


H\Wp^,ZiGy)) 


^Rom{G{Fy),C^). 
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Let 

KeT\WF, Z{G)) := f| Kei{H\WF, Z{G)) ^ H\Wf^, Z{G,))}, 

V 

it is finite and gives the kernel of (I2.7p . Suppose G, G, D and A are defined as in Section r2.1.1l then we 
have the following fact. 

Lemma 2.5. Suppose Z{G) is Tf- invariant and D is split, then Ker^{WF, Z{G)) = 1. 

Proof. It is a consequence of Chebotarev’s density theorem (see |Neu99| . Corollary VII. 13.10) that 

Ker^{WF,Z{G)) = Ker^{WF,D) = 1 . 

Then we consider the exact sequence 

1-> D -^ Z{G) -^ Z{G) -^ 1, 

it induces a commutative diagram 

Fo{Z{Gf) -^ H^{Wf, D) -^ H^{Wf, Z{G)) -> H^{Wf, Z{G)) 

7ro(Z(G,)r«)- > H\Wf„,D,) - > H\Wf„,Z{G,)) - > H\Wf„,Z{G,)), 

with both the top and bottom rows being exact. Suppose u G Ker^(Wi?, Z{G)), then by the commutativity 
of the right square and Ker^(ILi?, Z{G)) = 1, u has a preimage w in H^{Wf, D). Since Ker^(IVF’, D) = 1, 
the Langlands correspondence for tori allows us to identify H^{Wf-,D) with Hom(iA(Air)/Il(T),C^). 
Now without loss of generality, we can assume w ^ 1. By the commutativity of the left square and 
the fact that the left end vertical map is an isomorphism, the localization of w is determined by the 
localizations of those in the image of fq{Z{G)^) in H^{Wf,D). Finally, we use Chebotarev’s density 
theorem again to conclude that w has to lie in the image of fo{Z{G)^), and hence u = 1. 

□ 

Corollary 2.6. Suppose G is of type (ESI) and A is the generalized similitude character, then 

Ker^{WF,Z{G)) = Ke7^{WF, Z{G)) = 1. 

Proof. One just needs to observe that in this case Tf acts trivially on Z{G), and D = Gm- D 

Let 0 be an automorphism of G, and cu be a quasicharacter of G{F) if F is local, or a quasicharacter 
of G{Af) trivial on G{F) if F is global. We define a twisted endoscopic datum for (G, 0,lj) to be a triple 
(iL, s,^), where LI is a quasisplit connected reductive group over T, s is a semisimple element in G x 0, 
and ^ is an L-embedding from to ^G satisfying the following conditions: 

(1) Int(s) o ^ = a • ^, for a 1-cocycle a of Wf in Z{G) which is mapped to oo under (12.6|] or (12.7^ : 

(2) H = Cent(s,G)° through 

Here H is called a twisted endoscopic group of G and for abbreviation we will denote (il, s,^) by H. In 
this definition, we have required ^ to be an L-embedding of ^H. But in general, ^ can be an embedding 
of certain extension group of H by Wf, which may not necessarily be isomorphic to . In that case, 
one has to consider z-pairs (see |KS99j . 2.2). Since we do not need to deal with this general situation in 
this paper, we are content with the current definition. 

Two twisted endoscopic data {H,s,ff) and {H',s',f,') are called isomorphic if there exists an element 
g & G such that gf,{^H)g~^ = and gsg~^ G s'Z{G). Here such g is called an isomorphism. 

We denote by £{G^,uj) the set of isomorphism classes of twisted endoscopic data for {G,d,u}). When 
9 = id and w = 1, we get the ordinary endoscopic data, and we abbreviate £{G^,oj) to £{G). A twisted 
endoscopic datum {H,s,f,) is called elliptic if f^{Z{H)^^)^ C Z{G), and we denote by £eii{G^,oj) the 
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set of isomorphism classes of twisted elliptic endoscopic data for {G,9,uj). When G = GL{N), we write 
£eii{N^) for £eii{GL{NY). One can see from the definition that a twisted endoscopic group for G can be 
viewed as an elliptic endoscopic group of some 0-stable Levi subgroup M (which also admits a 0-stable 
parabolic subgroup P D M) of G. On the other hand, one can obtain all the twisted endoscopic groups 
of G by taking the Levi subgroups of the twisted elliptic endoscopic groups of G. 

If {H, s, is a twisted endoscopic datum for (G, 0, w), we denote the automorphism group of this twisted 
endoscopic datum by AutG'(if). By our definition, it is a subgroup of G. We define the inner automorphism 
group IntcC-fl) of this twisted endoscopic datum to be HZ{G)^^, and the outer automorphism group to 
be 

OutG(ii-) = AutGiH)/lntG{H). 

By fixing an F-splitting for H, we get a homomorphism from OutG{H) to the outer automorphism group 
Ont{H) of H. Let us denote the image by Out{H, G), and define 

G :={ze Z{G) : a{z)z-^ G Z{G) r\Hioi aeVp ]■ 

Then there is an exact sequence 

(2.8) 1-^ C/C n HZ{Gfp -^ OntGiH) -^ Out(F, C)-> 1. 

When F is local, there is an action of OutG(^I) on HiH) (or equivalently G^{H{F))). For g G OutG(^I), 
let us denote its image in Out(Lr, C) by Tg and choose a representative g in A.niG{H) such that Int(()) 
preserves a Lir-splitting of H. Then bg{w) = ^“^^(1 x w)g^{l x w)~^ defines a 1-cocycle of Wp in Z{H) 
and it induces a quasicharacter Wg of H{F) by (I2.6p . So the action of OutG{H) on HiH) sends f{h) 
to ^f{h) = f {Tg{h))ujg{h)~^. In all the cases that we will be considering in this paper, one can always 
split the exact sequence (I2.8p and get OutG(LI) = Out(iL, C) x (C/C n F[Z{G)^^) such that Out(LI, C) 
acts on T-iiH) through its action on H{F). When C is a product of symplectic groups and special even 
orthogonal groups, OutG(FI) = Out{H,G). When C = GL{N), we write OutAr(LI) for OutGL(Af)(-f^)' 

Suppose C, C, D, A are defined as Section [2Tl Let 0 be an automorphism of C, and we assume A is 
0-invariant, then 0 also induces an automorphism of C. If Uq is a quasicharacter associated with C as 
in the setup of twisted endoscopic datum, let us write ujg for the restriction of wg to G{F) if F is local 
or to G{Af)/G{F) if F is global. The following lemma describes the relation for twisted endoscopic data 
between C and C. 

Proposition 2.7. There is a one to one correspondence between £{G^,ujg) and 

□ T(C^u;g), 

such that if G' corresponds to G', then there exists an exact sequence 

1-^ G' -^ G' D -^ 1 . 

Moreover, the same is true for twisted elliptic endoscopic data. 

Proof. We say a twisted endoscopic datum (C',s, for (C,0,a;^) corresponds to a twisted endoscopic 
datum (C',s,^) for {G,0,ujg) if p(s) = s and they satisfy the following diagram 


Lg> Lq 


p 

Lg' 


p 



In [Xu 16] we have shown this gives a one to one correspondence between isomorphism classes of twisted 
endoscopic data when F is local. In fact, our proof also works in the global case except that we need 
to use a global lifting result of Labesse for homomorphisms from the global Weil group to L-groups 
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(see the paragraph after Theorem I2.9p . Moreover, it is easy to see C Z{G) if and only if 

^{Z{G'Y'p)^ C Z{G), so {G',J,^) is elliptic if and only if {G',s,^) is elliptic. □ 

Remark 2.8. The most important case for us is when ujg = 1. Then Proposition 12.71 shows there is a one 
to one correspondence between the 0-twisted endoscopic data E{G^) and the (0, a;)-twisted endoscopic 
data _ 

\_\£{G\u), 

U) 

where w runs through quasicharacters of G{F)/G{F) if F is local and quasicharacters of G{Af)/G{F)G{Ap) 
if F is global. The same is true for elliptic endoscopic data. 

As our most important examples, let us consider the general symplectic groups and connected general 
even orthogonal groups with trivial automorphisms, and we have the following table (cf. [Artl3j . 1.2 and 
[Morllj . 2.1): let n = ni + n 2 - 


G 

£eu{G) 

G 

£eu{G, Ul) 

Sp{2n) 

Sp{2ni) X SO{2n2,p) 

GSp{2n) 

G{Sp{2ni) X 

uj = p o X 

SO{2n2,p)) 

SO{2n) 

SO{2ni,p) X SO{2n2,p) 

GSO{2n) 

G{SO{2ni,p) 

UJ = p o X 

X SO{2n2,p)) 

SO{2n, p) 

SO{2ni,pi) X SO{2n2,pip) 

GSO{2n,p') 

G{SO{2ni,p) 

UJ = p o X 

X SO{2n2,pp')) 


Note in the cases above the isomorphism classes of twisted endoscopic data are completely determined 
by the twisted endoscopic groups. But that is not the case in general. For example, in the case of 
connected general even orthogonal groups, if we let Oq be the outer automorphism induced by the conjugate 
action of the full orthogonal group, then the isomorphism classes of 0o-twisted elliptic endoscopic data of 
SO{2n, rj') are classified by 0o-twisted elliptic endoscopic groups Sp{2ni) x Sp{2n2) {n = ni + n 2 + 1) with 
a pair of quadratic characters {r],r]r]'). Correspondingly, the isomorphism classes of (0O) <^)-twisted elliptic 
endoscopic data of GSO{2n,rj') are classified by (^O; w)-twisted elliptic endoscopic groups G{Sp{2ni) x 
Sp{2n2)) {n = ni + n 2 + 1) with a pair of quadratic characters (r/, rjrj') and lo = p o X. 

2.2. Langlands parameters. Suppose G is a quasisplit connected reductive group over F, a Langlands 
parameter of G is a G-conjugacy class of admissible homomorphisms from the Langlands group Lp to 
the L-group of G (cf. [Bor79| i. We denote the set of Langlands parameters of G by ‘h(G), and for any 
4> G ‘l’(G) we denote a representative hy cj) : Lp ^ ^G. If F is local, the Langlands group is defined as 
follows, 

Wp if T is archimedean, 

Wp X SL(2,C) ifTis nonarchimedean. 

If F is global, the existence of Langlands group is still conjectural. Let G, G, D and A be defined as in 
Section 12.1.11 The following theorem shows the relation for local Langlands parameters between G and 

G. 

Theorem 2.9 (Labesse). Suppose F is a local, every Langlands parameter cj) of G can be lifted to a 
Langlands parameter cf of G in the sense that the following diagram commutes 

Lp -^- >^G 

p 

^G. 
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In fact the global analogue of this theorem is also true if one uses the the global Weil group Wp instead 
of the global Langlands group Lp- Both the local and global cases are proved in f |Lab85| . Theorem 8.1). 
In the global case, since we do not have the global Langlands group yet, this kind of lifting theorem for 
global Langlands parameters is unavailable. However let us assume the existence of global Langlands 
group and also the same kind of lifting theorem at this moment, so that we can investigate the relation 
for both local and global Langlands parameters between G and G in a uniform way. Moreover, the 
consequences of this investigation will serve as motivations for the later definitions (see Section [3]) that 
complement the lack of global Langlands group. 

To further simplify our discussion, we are going to assume 

(2.9) Ke?{Wp,Z{G)) = Kei^{Wp, Z{G)) = Ke?{Wp,D) = 1 


when F is global. This assumption allows us to treat the local and global cases at the same time, and it 
also suffices for our purpose in view of Corollary 12.61 Let S be a finite abelian group of automorphisms 
of G preserving an T-splitting of G, and we assume A is S-invariant, so S also acts on G. We denote 

the dual automorphisms by S and form the semidirect products G := G x S and G^ ;= G x S. Let S 

act on <h(G) and <h(G) through the action of S on G and G respectively. For 0 G S, we denote by <I>(G®) 
the set of 0 G ‘^(G) such that 4>^ = 4>. 

Suppose F is either local or global, for any cj) G ‘h(G) we choose a representative </>. Let Lp act on D, 
^ ~ 

G^, and G by conjugation through cp. We denote the corresponding group cohomology by F[^{Lp,-). 

Note H^{Lp,D) = , Hl{Lp,D) = H\Wp,D), and 

:= Cent(Im^,G^) = H^Lp^G^), 


The short exact sequence 


induces a long exact sequence 


:= Cent(Im0,G ) = H^{Lp,G ). 


I- >D -^G -^G^- 


1- >D^ - H\Wp,D), 


and hence 

(2.10) 1- > H\Wp,D). 

To describe 6, we can identify 

5^ = {s G G : G D, for all u G Lp}/D. 

Then (5(s) : u i— > ?</>(m)s“^(^(u)“^, where ? is a preimage of s in G , and d{s) factors through Wp. About 
(I2.10p we have the following lemma. 

Lemma 2.10. The image of 6 consists o/a G H^{Wp,D) such that 

= 4>® a 

for some 0 G S, and in particular it is finite. 
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Proof. We have shown the lemma when F is local in |Xnl6] . In particular the same argument applies 
to the global case except for the finiteness of Im 6. When F is global, we need to use the commutative 
diagram 

1-^ ^ H\Wf, D) 

P P 

1 —. . si ^ h\Wf^,d,). 

Since is mapped into Sl and is trivial on (5? = 5^^, then 5 = is trivial on This 

implies the image of 5 is finite. □ 

Take 

1-^ D -^ Z{G) -^ Z{G) -^ 1 

and it induces 

1-^ ^ Z{Gf -^ Z{Gf HIWf, D) -> H^{Wf, Z{G)). 

So Ker(5|^j.g^p = Let H^{Wf,D) := H^{Wf,D)/5{Z{GY). Taking the quotient of (I2.10p by 

Z(G)'", we get 

( 2 . 11 ) 1 - 

where 5? = 5?/Z(G)^ and S'^ = 5|'/Z(G)^. Since Imd is finite, we have 5^ = 5°. After taking the 
quotient of (12.lip by the identity component, we get 

(2.12) 1- ySj^-^S^^H\WF,D), 

where 5? = 5?/S'? and There are natural maps from S^, S^, and to S, and for 0 G S, 

we denote the preimages of 0 € S by S®, S^ and S® respectively. 

By the Langlands correspondence for tori and the assumption Kei^{W f,D) = 1, we can identify 
H^{Wf,D) with Hom(L)(F),C^) if F is local or Hom(L)(Ai7’)/L)(F),C^) if F is global. Then we can 
compose with A to get a homomorphism from H^{Wf,D) to Hom(G(T’)/G(F),C^) if F is local or 

Hom(G(Ai?)/G(F)G(Ai?),C^) if F is global. Since 5(Z(G)^) is trivial in H^{Wf,Z{G)), it induces the 
trivial character on G{F) if F is local or G{Af) if F is global. So we have a homomorphism 

r : hIWf,D) Rom{G{F)/G{F),C^) 

if F is local, and 

r : H\Wf,D) Rom{G{AF)/G{F)G{AF),C^) 

if F is global. In the local case, r is an isomorphism due to the fact that (j2.6p is an isomorphism. For the 
global case, we have the following lemma. 

Lemma 2.11. If F is global and G is of type (|2.2p . then r is an isomorphism. 

Proof. First we consider the following diagram 

(2.13) Hom(G(AF)/G(F),C^) Hom(Zl(Ai.)/Il(F),C^) 


HIWf,Z{G)) 4 


H\Wf,D)^ 


s 


MZ{Gf). 
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By Corollary 12.41 we have Im A* = Hom(G(Ap)/G(i^)G(AF),C^), and hence r is surjective. On the other 
hand, the kernel of 

H^{Wf,Z{G)) YLom{G{kF)/G{F),C^) 


is Ker^(WA, Z(G)) = 1 by Corollary 12.61 Therefore r is also an inclusion. 


□ 


Let us denote the composition r o 5 hy a, then we can rewrite ()2.12l) as 

(2.14) 1-^4Hom(G(F)/G(F),C'') 

if F is local, and 

(2.15) 1- ^^B.om{G{AF)/G{F)G{AF),C^) 

if F is global. Note in the global case, we only know it is exact when G is of type (12.21) according to the 
previous lemma. Sometimes, we want to distinguish the map a for different groups, so we will also write 
= a. 

Next we want to discuss the relation between lifting Langlands parameters (see Theorem 12.9p and 
lifting twisted endoscopic groups (see Proposition 12.7|) . Suppose F is local or global and 4> G ‘h(G). For 
any semisimple element s G 5®, let G' := Cent(s, G)^ and it can be equipped with a Galois action given 

by (p. This determines a quasisplit connected reductive group G\ and (j) will factor through ^G' for some 
0-twisted endoscopic datum {G\ s, ^) of G, and hence we get a parameter 4>' G ^{G'). In this way, we call 
(G', (j)') corresponds to {(j), s), and we denote it by (G', (j)') {cp, s). 

By Proposition 12.71 (G',s,^) can be lifted to a (0, a;)-twisted endoscopic datum {G',s,^) of G for some 
character lv of G{F)/G{F) if F is local or G{Af)/G{F)G{Af) if F is global. Then by theorem 12.91 and the 
global assumption that we made after, we can have a lift (p' of (p' in <h(G'). All of these can be summarized 
in the diagram below 

0' ~ f _ 

Lf ^G' ^G 



Then we have the following lemma. 

Lemma 2.12. a{s) = uj. 

Proof. It has been shown for the local case in |Xul6| . and the proof for the global case is the same. □ 

Remark 2.13. From this lemma we see the character u associated with the twisted endoscopic datum G' 
only depends on the image of s in 5®. In the global case, lifting Langlands parameter is not available due 
to the lack of the global Langlands group. However one can always lift twisted endoscopic groups in both 
local and global cases, so this lemma is behind the idea of our later definition of the map a (see (12.151) 1 
in the global case. 

2.3. Representations. Let us assume A is a local field, and G, G, D, A are defined as in Section [2.1.11 
In this section, we would like to recall some results about the restriction map n(G(T)) —)• n(G(T)) from 
1 [Xul6j . Section 6.1). 

Lemma 2.14. If n is an irreducible admissible representation ofG{F), then the restriction of it to G(F) 
is a direct sum of finitely many irreducible admissible representations. 
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Theorem 2.15 (J.D. Adler and D. Prasad, |AP06] 1. Suppose G is a quasisplit general sympleetie group 
or connected general even orthogonal group, and tt is an irredueible admissible representation of G{F), 
then the restrietion of tt to G{F) is multiplicity free. 

Remark 2.16. This theorem can be easily extended to the groups G of type (|2.2I) . To do so, we can first 
extend a representation of G{F) to G{F) (see (12.41) 1. and then restrict it to G{F). 

Lemma 2.17. If t: is an irreducible admissible representation of G(F), then there exists a unique irre¬ 
ducible admissible representation tt of G{F) up to twisting by Hom{G{F)/G{F),C^), such that it contains 
TT in its restriction to G{F). 

If TT is an irreducible admissible representation of G{F), let us denote 

G{tt) = {ge G{F) : tt^ ^ tt}. 

If TT is an irreducible admissible representation of G{F), let us denote 

X{tt) = {oje iG{F)/ZQ{F)G{F))* : it 0 w ^ it}. 

Proposition 2.18. Suppose G is of type (|2.2p . it is an irreducible admissible representation of G{F) and 
TT is contained in its restriction to G{F), then for oj G {G{F)/Z^{F)G{F))*, uj is in X{Tt) if and only if 
uj is trivial on G{tt). Moreover, the restriction of tt contains |Ai(7t)| irreducible admissible representations 
of G(F). 

Lemma 2.19. Suppose tt is an irreducible admissible unitary representation of G{F), then it is an 
essentially discrete series representation of G{F) if and only if its restriction to G{F) is an essentially 
discrete series representation. The same is true of the tempered representations. 

2.4. Langlands-Shelstad-Kottwitz transfer. Let A" be a local held of characteristic zero and G be a 
quasisplit connected reductive group over F. Suppose 9 is an automorphism of G preserving an F-splitting 
and ujg is a quasicharacter of G{F). We choose a quasicharacter x on a closed subgroup Zp of Zg{F), 
and dehne 'H(G, x) to be the space x~^-equivariant smooth compactly supported functions over G{F) 
(i.e., equivariant Hecke algebra of G). Let <5 be a strongly 0-regular 0-semisimple element of G{F) such 
that ujg is trivial on the 0-twisted centralizer group G^{F) of 6. We choose Haar measures on G{F) and 
Gg{F), and they induce a G(F)-invariant measure on G^{F)\G{F). Then we can form the (0, wg)- twisted 
orbital integral of / G 'H{G,x) over S as 

0^(f^{f,5)\=l LOG{g)f{g~^59{g))dg. 

JGs{F)\G{F) 

We also form the (0, a;G)-twisted stable orbital integral over 5 as 

where the sum is over 0-twisted conjugacy classes {'^^}g(_f) ™ 0-twisted stable conjugacy class of 6 
(i.e., 6' = g~^69{g) for some g G G{F)), and the Haar measure on G^^,{F) is translated from that on G^^{F) 
by conjugation. Let ,x) {ST{G^'‘^^ ,x)) be the space of (0, cug)- twisted (stable) orbital integrals 

of 'H{G,x) over the set Gfgg{F) of strongly 0-regular 0-semisimple elements of G{F), then by dehnition 
we have projections 

n{G,x) -^X(G^'‘"o,x)-»5X(G^’-o,x). 

Suppose TT is an irreducible admissible representation of G{F) and Xtt is the central character of tt. Let 
X = XttIzj?- Suppose TT® = TT (g) LOG, lot At^{9,ujg) be the intertwining operator between tt (g) ojg and tt® 
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(this is uniquely determined up to a scalar), we then define the ( 0 , wg)- twisted character of vr to be the 
distribution 

(2.16) fGe{7r,ujG) ■=trace{ [ f{g)7r{g)dgoA^{9,ujG)), 

JZf\G{F) 

for / G Ti{G,x)- By results of Harish-Chandra |HC63j |HC99j in the non-twisted case, Bouaziz |Bou87j . 
Clozel |Clo87| and Lemaire |Leml 6 j in the twisted case, there exists a locally integrable function 0^ 
on G{F) such that for x G G^^f,g{F),g G G{F) 

ef’-«(<7-'x0(5)) = u;G(5)ef’-«(x), 


and 

fGe{TT,u;G) = [ f{g)Gf'‘^‘^{g)dg. 

JZf\G{F) 

By the twisted Weyl integration formula, one can show this character defines a linear functional on 
,x)- A linear functional on ,x) is called stable if it factors through ST{G^'^^,x)- 

For a (0, a;G)-twisted endoscopic datum (77, s,S,) of G, there is a map defined over F from the semisimple 
conjugacy classes of H{F) to the 0-twisted conjugacy classes of 0-semisimple elements in G{F). We call 
a strongly regular semisimple element 7 G H[F) is strongly G-regular if its associated 77(.F)-conjugacy 
class maps to a 0-twisted G(F)-conjugacy class of strongly 0-regular 0-semisimple elements in G{F). We 
denote the set of strongly G-regular semisimple elements of H{F) by HG-reg{F). The transfer factor 
defined in |KS99] is a function 

^G,h{--, ■) : HG-reg (F) X Glg{F) ^ C, 

which is nonzero only when 7 G HG-reg{F) is a norm of (5 G G^^g{F), i.e., the 77(F)-conjugacy class of 7 
maps to the 0-twisted G(.F)-conjugacy class of 6. Note if <5 G Gf^g{F) has a norm 7 G Ha-reg{F), then 
ojg is trivial on G^{F) (see Lemma 4.4.C, [KS99j ). In this paper, we always normalize the transfer factor 
with respect to some fixed 0-stable Whittaker datum (77, A), and we also assume the Haar measure is 
preserved for any admissible embedding ^ Tg, where Tu is a maximal torus of 77, T is a 0-stable 
maximal torus of G and Tg = T/{0 — 1)T. 

There is a canonical inclusion {Zg)b ^ Zh- Let us denote the image of Zp in Zh{F) by Z'p, then one 
can associate a quasicharacter y' of Z'p, depending only on y and the twisted endoscopic embedding 
The Langlands-Kottwitz-Shelstad transfer map (or twisted endoscopic transfer) is a correspondence from 

/ G 77(G, x) to G 77(77, xO such that 

(2.17) SOH{f^,7)= Ag,/i(7,5')Og"°(/,-5') 


where the sum is over 0 -twisted conjugacy classes {^^}g(_f) ™ 0 -twisted stable conjugacy class of 6. 
In particular, it descends to a surjection 




where the action of OutG(77) on SX{H,x') is independent of the choice of 7^-splitting for 77 (see Sec¬ 
tion [2TT3]). The existence of such a transfer has been a long standing problem. In the real case, it is 
now a theorem of Shelstad [Shel2] . In the nonarchimedean case, the main obstacle is the Fundamental 
Lemma, which has been finally resolved by Ngo |Ng610| . And the proof of the transfer conjecture in this 
case was completed by Waldspurger [Wal08| . 

Now let us assume G, G, D and A are defined as in Section 12.1.11 Let 0 be an automorphism of 
G preserving an F-splitting and A is 0-invariant. Let Zp he & closed subgroup of Zq{F) such that 
Zp —>■ {Zq)o{F) is injective and D{F)/\{Zp) is finite (this is possible because we assume A is 0-invariant). 
Let Zp = Zp n G{F). We choose Haar measures on Zp and Zp such that the measure on Zp\G{F) is 
the restriction of that on Zp\G{F). Let x be a quasicharacter of Zp and we denote its restriction to Zp 
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by X- For every / E 'H{G,x), it can be extended to G{F) through Zp by X) and the extension lies in 
'H{G,x), supported on ZpG{F). Hence we get an inclusion map 

(2.18) n{G,x)^ - >nG,x), 


/I- >f 

and we can identify 7i{G,x) with its image. Let wg be a quasicharacter of G{F) and oog = ^q\g- For 
any strongly 0-regular 0-semisimple element 6 of G{F) such that ojg is trivial on the Gg{F), we fix the 
Haar measure on G^{F)\G{F), which determines the Haar measure on Gg{F)\G{F) by restriction. Then 
for / E TiiG, x), and / E 'H(G, x) being its extension, we have 

SO^{f,6) = SOGif,S), 

and 

o'p{f\6)= 

l^dG(F) ~G(F) I'^Ig(F) 

where the sum is over 0-twisted G(F)-conjugacy classes in the 0-twisted G(F)-conjugacy classes 

with 5' = g~^6g for g E G{F), and the Haar measure on G^,{F) is translated from that on G^ 

by conjugation. Because ZpG{F) is 0-conjugate invariant under G{F), the map (|2.18p induces a map 
from X(G^’‘^^,x) to F(G^'‘^S^x)- Moreover ZpG{F) is conjugate invariant under G{F), so it also induces 
a map from SI{G,x) to SX(G,x)- 

Suppose G' E S{G^,u}q) and G' E £{G^,ojg) correspond to each other according to Proposition 12.71 
The natural inclusion {Z^)g —)• Z^, induces an inclusion on Zp. So we can define Z'p C Z^i{F) to be the 
image of and Z'p = Z'p n Zg>{F). The twisted endoscopic transfer sends ^(G, x) to XiiG'^ x'), where 
x' is a quasicharacter of depending only on x and the twisted endoscopic embedding. Let x' be the 
restriction of x' to Z'p. Then we have 

n{G',x')^ —^^(G',x') , 

/I->7 

The following lemma shows these inclusion maps are compatible with the twisted endoscopic transfers. 

Lemma 2.20 l |Xul6] . Lemma 3.8). Suppose f E 'H{G,x); then the {9, -twisted endoscopic transfer of 
the extension f of f is equal to the extension of {9, log)- twisted endoscopic transfer f'^ of f as elements 
in SX{G', x'), i.e. 

(2.19) f = (7^) 

Remark 2.21. The inclusion map (I2.18h of Hecke algebras induces a restriction map of distributions in 
the opposite direction. Moreover the restriction of an invariant distribution is again invariant, and the 
restriction of a stable distribution is again stable. In particular, the restriction of the character of a 
representation is compatible with the restriction of the representation in the usual sense. 

Corollary 2.22. Suppose S^'{■) is a stable distribution on G', then the restriction of the pull-back of 

SG' 

(•) is equal to the pull-back of the restriction of S^ (•), i.e. 

S^'iF) = s^'ip') 


Proof. One just need to substitute (I2.19P into S'^'{-). 


□ 
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3. Arthur’s Classification Theory: tempered case 

In this section we will review Arthur’s classification theory for the tempered representations of quasi¬ 
split symplectic groups and special even orthogonal groups (cf. |Artl3] i. So throughout this section, G 
will always be a quasisplit symplectic group or special even orthogonal group over F (if not specified). We 
fix an outer automorphism 6q of G, and a nontrivial automorphism 0^ of GL{N), so that they preserve 
an T-splitting respectively. When G is symplectic, 6q is trivial. When G is special even orthogonal, 
we require 9q to be the unique outer automorphism induced from the conjugation of the full orthogonal 
group. We denote Sq =< Oq >. When F is local, Sq acts on n(G(F)) and we denote the set of So-orbits 
in n(G(F) by n(G(F)). We denote by 'H{G,x) the subspace of So-invariant functions in 7i{G,x), and 
we abbreviate 'H{GL(N)) to Ti{N). We also denote the corresponding space of (stable) twisted orbital 
integrals by i{G^, ijJg) {SF{G^,ijJg)) for 0 E Sq and ujg £ Hom(G(T),C^). 

3.1. Substitute Langlands parameter. First let F be a global field, we define the sets of substitute 
global generic (or tempered) Langlands parameters as follows, 

:= { isomorphism classes of irreducible unitary cuspidal automorphic representations of GL(A^)}, 

^sim(iV"^) := {(t> G ^sim{N) : ^ 

r 

$(Ar«iV) ;= {</, = ffl • • • ffl lrcl)r : E ^simiNi), with ^ kNi = N}. 

i=l 

Here denotes the dual (or contragredient) of 4> if 4> G and 

:= ffl • • • ffl Irlpr 

if cj) G Note that is just a set of formal sums of irreducible unitary cuspidal automorphic 

representations, and for every parameter (p G <I>(A®^) we can assign a family of semisimple conjugacy 
classes in GL{N, C) by 

c{(py) := c{(pi^y) © • • • © c{(pi^y) © • • • © c{(pr,v) © • • • © c{4>r,v) 

' -V-' '-V-' 

/ tj' 

for unramified places v of (p, where c{(pi^y) is the Satake parameter of the local component cpi^y. Inside 
there are two types of parameters, we call cp is of orthogonal type if the symmetric square 
L-function L{s, (p, S"^) has a pole at s = 1; we call cp is of symplectic type if the skew-symmetric square 
L-function L{s, cp, A^) has a pole at s = 1. In fact every cp G will always be either one of these 

two types due to the fact that the Rankin-Selberg L-function 

L{s, <p® <p) = L{s, (p, S‘^)L{s, (p, A^) 

has a simple pole at s = 1. Moreover when N is odd, (p is always of orthogonal type. The following theorem 
proved in ( [Artl3j . Theorem 1.4.1 and Theorem 1.5.3) shows how automorphic representations of GL{N) 
are related to that of orthogonal groups and symplectic groups. If vr is an automorphic representation of 
G, we denote by c(7r) = {c(7r^,)} the family of Satake parameters of vr^ at the unramified places. 

Theorem 3.1. Suppose (p G then there is a unique class of elliptic endoscopic data {Gff,, s^, ^^j,) 

in such that c{(py) = ^0(c(7r„)) for some discrete automorphic representation vr of G^ at almost 

all places. Moreover if (p is of orthogonal type, G^j, = SO{2n + 1, C) when N = 2n + l, or SO{2n,C) when 
N = 2n; if cp is of symplectic type, G^j, = Sp{2n,C) with N = 2n. 

For (p = l\(pi ffl • • • ffl lyCpr G <I>(A®^), since cp = cp'^ , one gets an involution on the indices by letting 

(piv = (pf , and consequently one has h = liw . This gives a disjoint decomposition of these indices 

where indexes the set of self-dual simple parameters. Let = /</,□ and let indexes the 

self-dual simple parameters of orthogonal (symplectic) type. By Theorem 13.11 for each cpi with i G Irf,, 

we have a twisted elliptic endoscopic group Gi of GL{Ni) and we fix the twisted endoscopic embedding 
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: ^Gi —)• ^GL{Ni). For cj)j with j G let us just take Gj to be GL{Nj) and define an L-embedding 
: ^Gj —> ^GL{2Nj) by sending g yi w to diag{ 5 ,* 5 “^} x w. Then Arthur defines a substitute global 
Langlands group by taking the fibre product 

:= n ^ 

and he also defines an L-homomorphism cj)^ : —> ^GL{N), where 

4^^ ■= h^k- 

By viewing G as in we can define the set of substitute global parameters of G as follows 

$(G) := {4 G : 4^ factors through ^G}. 

As a simple exercise, one can show for 4 = li4i S • • • S lr4r G 4 is in ^{G) if and only if li is 

even for all i G Since OutAr(G) = Sq, the above set is really the analogue of the set of So-conjugacy 
classes of global Langlands parameters for G. For 4 € ^(G) and S C Eg, one can define 

FJ = Cent(Im/,G^), 

S^ = S^/Z{Gf^, 

_ qS / qO 

and from here one can also define the following important subsets of $(G) 

= {4^ ^(G) : ~Sf = 1}, 

1 . 2 (G) = {4^ ^(G) : < 00 }, 

I>(G^) = {,/.G^(G) 

= {4 ^ ^(G^) : < 00 for some semisimples G S^}, 

where 6 G Eg. In fact, one can even compute very explicitly (see [Art 131 (1.4.8)]) 

(3.1) s*=( n o(uc))j x( n Sp{k,C)) X ill GL{lj,C)), 

where ^ 0(/j,C))J is the kernel of the character 

^ ^ o{ii,c),i G /0,o- 

i i 

Note G is symplectic or speical even orthogonal here, so we have 1^^ = and ™ Arthur’s 

original formula of Sfp. When G is special even orthogonal, 

(3.2) *5? = ( n 0{k,C)) X ( J] Sp{k,C)) X (J] GLilj,C)). 

As a consequence, one has the following description of those subsets of ^(G). 

Lemma 3.2. (l)_l'sim(G) = ^sim{N) n l•(G). 

(2) Suppose 4 £ ^{G), then 4 is in ^ 2 {G) if and only if o.'^d h = t for all i G K^. 

(3) Suppose 4 is in ^eii{G^) for 6 G Eg, then o-nd k ^ 2 for all i G K^p. 

(4) Suppose G is special even orthogonal and 4 £ ^{G), then 4 is in $(G^°) if and only if there exists 
i £ l(t>,0 such that Ni is odd. 
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The proof is a direct application of formulas (13.11) and (13.21) . 

Now let F be a local field, we also define the substitute local generic (or tempered) Langlands parameters 
similarly as follows, 

■— { isomorphism classes of irreducible essentially discrete series representations of GL{N)}, 

G : / = (Z)'^}, 

r 

■= = hcpf © • • • © Uf : / = (/)"',</>f G with = N}. 

i=l 

Suppose (j)^ G we call is of orthogonal type if the local symmetric square L-function 

L{s,(j)^, S‘^) has a pole at s = 0; we call 4>^ is of symplectic type if the local skew-symmetric square 
L-function L(s,(^^, A^) has a pole at s = 0. As in the global case, every G ^le either of 

orthogonal type or symplectic type. We would like to state a local version of Theorem 13.11 which is proved 
in [Art 131 Theorem 6.1.1 and Corollary 6.8.1]. For cp^ G let tt^e be the self-dual essentially 

discrete series representation of GL{N) defined by <p^. We write 

(3-3) fGL{N)^N{'^<f>£) f G T-iiN), 

with respect to some intertwining operator 

Theorem 3.3. Suppose cp^ G then there is a unique class of elliptic endoscopic data {G^e, s^e^f^^e) 

in £eii{N^^) such that 

Viv (/) = (/), for all fen{N) 

for some stable distribution f{(p^) on G^e, where f^'t’^ is the twisted endoscopic transfer of f. Moreover 
if <p^ is of orthogonal type, G^e = SO{2n + 1,C) when N = 2n + 1, or SO{2n,C) when N = 2n; if (p^ is 
of symplectic type, G^e = Sp{2n,C) with N = 2n. 

Note OutAT(G) = So, so the twisted endoscopic transfer /lies in T-iiG). As in the global case, one 
can define the substitute local Langlands group C^e and substitute local parameter (p^. One can also 
define the set of substitute parameters for G, various centralizer groups of parameter (p^ in G, 

and various subsets in Moreover, the formula (13.ip . (|3.2p and Lemma 13.21 still hold in the local 

case. 

The link between these substitute local parameters and the genuine local Langlands parameters is 
through the local Langlands correspondence for GL{N) proved by Harris-Taylor [HTOlj . Henniart |Hen00| 
and Scholze |Schl3| . The local Langlands correspondence for GL{N) gives a bijection between <l>fj^(A') 
and the set <1>2(A^) of equivalence classes of A^-dimensional irreducible unitary representations of Lp, 
which also induces a bijection for the self-dual ones. Later in the paper, we will identify them and use 
the notation <ksjm(A^) as in the global case. The following theorem proved in ( [Artl3j . Corollary 6.8.1) 
shows the substitute local parameters of G correspond to the genuine local Langlands parameters of G 
under this bijection. 

Theorem 3.4. Suppose <p^ G then <p^ is in if and only if its corresponding Langlands 

parameter (p factors through ^G. 

Since the elements in corresponds to self-dual tempered representations of GL{N) by the 

parabolic induction, the local Langlands correspondence also gives a bijection between ^bdd{d^^^) and 
^bdd(^^^)- ^ad we have the following corollary. 

Corollary 3.5. (1) Suppose (p^ G ^bddi^^'^)’ ^^on (p^ is in ^bddi^) only if its corresponding 

Langlands parameter <p factors through ^G. 

(2) Suppose (p^ G ^bddi^) corresponds to cp ^ ^hdd{G), then S^e = for any representative (p of (p. 
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For the proof, one just needs to notice for cp G ^bdd{G), there is a decomposition through the twisted 
endoscopic embedding to GL{N,C) 

(j) = © • • • 0 Iffpri 

where (pi G <h 2 (iVj) is irreducible. 

As a consequence of Theorem 13.41 and Corollary Lf.bl one can identify with ^bdd{G) through 

the twisted endoscopic embedding ^ —)• ^GL{N). And we also denote S^e by 

3.2. Local theory. Now we can state the main local result of Arthur’s theory ( |Artl3| . Theorem 1.5.1 
and Theorem 2.2.1) for quasisplit symplectic groups and special even orthogonal groups in the tempered 
case. Let F be local. We fix a 0Ar-stable Whittaker datum {B]y,A) for GL{N). We also fix the twisted 
endoscopic embedding ^ : ^G —)• ^GL{N). 

Theorem 3.6. For every cp G ^bdd{G), one can associate it with a finite set of IitempiG{F)) such that 
it satisfies the following properties: 

(1) The distribution 

(3.4) fi(P)-.= Y. fciTT), fG-HiG) 
is stable. 

(2) If we normalize the intertwining operator At^^{9 n) such that it preserves the Whittaker functional 
on TTfj,, then 

(3.5) fN^N{4') = f^{4>) 

for f G 'H{N) and the twisted endoscopic transfer f^ G 'H{G). 

(3) There is a disjoint decomposition 

Titemp{G{F)) = □ n^. 

Since the transfer map —)■ is surjective (see Section 12.4jl . cp determines the stable 

distribution (13.4|] on G{F) through (j3.5|] . In this way, cp determines the L-packet II,^. If G is a product 
of symplectic groups and special even orthogonal groups, we define a group of automorphisms of G by 
taking the product of So on each factors, and we denote this group again by Sq. We denote the set of 
So-orbits in Iltemp{G{F)) by Utemp{G{F)) and the set of So-orbits in ^bdd{G) by ^bdd{G). Let 'H{G) be 
the Sg-invariant functions in Ii{G). Then part (1) and (3) of this theorem can also be generalized to this 
case, in particular, the L-packets of G are formed by taking tensor products of those of each factor. If 
G' G £{G^) for 0 G So, then G' = Mi x G'_, where Mi is a product of general linear groups, and G'_ is 
again a product of symplectic groups and special even orthogonal groups. We can extend the action of 
So to G' by letting it act trivially on Mi. Then we can define ^bdd{G') and Iitemp{G'(F)) similarly. Part 
(1) and (3) of this theorem can again be extended further to this case. 

Theorem 3.7. (1) For cp G ^bdd{G), there is a canonical pairing between and S^, which induces 

an inclusion 

(3.6) [tt] —^<.,7r>, [vr] G n,^, 

from into the group of characters on 5^, such that < -,71 >= I if G and vr are unramified. 
It becomes a bijection when F is nonarchimedean. 

(2) Suppose s is a semisimple element in Sfj, and {G' ,(p') —(</>,«) with G' G £{G) and cp' G ^bdd{G'). 
The packet can he defined by the generalization of the previous theorem. If x is the image of 
s in S^, then 

Y < x,TT > fciT^), f GTiiG). 

Weft^ 


(3.7) 
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When G is special even orthogonal, one could further characterize those 0o-stable tempered represen¬ 
tation. It is a theorem proved in 1 [Art 13] . Theorem 2.2.3). 

Theorem 3.8. Suppose G is a special even orthogonal group and 4> € 

(1) For any [tt] G tt is a Oo-stable representation of G{F) and hence has an extension 7r+ to 
G+(F) = G(F)x < 00 >• 

(2) Suppose s is a semisimple element in S^° and {G’,(j)') — > {(p,s) with G' G £{G^°),(j)' G ^bdd{G'), 
then 

(3.8) /'(</>')= ^ > fceoi-K), fen{G), 

[TT]GfL^ 

where x is the image of s in S^°, < •,7r+ > is an extension of the character < -jTr > to =< 
>, and the intertwining operator At^{6q) = 7r+(0o)- 

Remark 3.9. In the 0o-twisted character relation (13.81) . both the extensions of representation vr"’' and 
character < •,7r+ > are not uniquely determined, but the product < -,71+ > fceoi"^) is determined and 
depends only on n. Moreover, ()3.5p is the analogue of (j3.8p for general linear groups, where we have fixed 
the extension of using the Whittaker datum and taken the extended character < •,'7r'’' > to be trivial. 
It is not hard to see how to generalize both Theorem 13.61 and Theorem 13.81 to products of symplectic 
groups and special even orthogonal groups. 

Because one does not know whether all the local constituents of a unitary cuspidal automorphic rep¬ 
resentation of GL{N) are tempered, i.e. the generalized Ramanujan conjecture, one has to deal with a 
more general set of parameters which is defined as follows. Let denote the map | • |^ of Wp 

for a G M. Then, 

:={</> = </>l ® ••• © ® (fr+l) ' ' ' ® (t)r+s ® fr+s) '■ 

4>i £ ^sim{Ni) for 1 ^ z ^ r -|- s and 0 < Oj < 1/2 for 1 ^ j ^ s}. 

From the classification of the unitary dual of GL{N) (cf. [Tad09| |Vog86| archimedean case, [Tad86| 
nonarchimedean case), we know the associated irreducible admissible representation vr^ for any (f G 
unitary. And we have the following fact. 

Proposition 3.10. If F is global and f G then fy G 

Correspondingly, we can define 

^LuiG) :=i(G)n (iV). 

Theorem 13.61 Theorem 13.71 and Theorem 13.81 can be extended to the case f G ^unitiG) except for the 
constituents of may be non-tempered. In fact, for any cf € ^unitiG^) with 9 G Sq, cf can be regarded 
as fM,\ ■= </>M ® (A o I • 1^) for some 0-stable Levi subgroup M (which also admits a 0-stable parabolic 
subgroup P D M), where fM £ ^bdd{AI^) and A lies in the open chamber determined by P. 

Let := ® ^ Then one can just define to be the irreducible constituents of 

the parabolic induction ^). Note that the 0-twisted endoscopy transfer is compatible with this 

parabolic induction, and also = 5^, then it is enough to know the following proposition. 

Proposition 3.11. Suppose F is local, cf G ^unitiG), and f can be regarded as cfM,\ where cfM £ ^bdd{AI) 
and A G lies in some open chamber determined by P if M. Then for any [ttm] £ induced 

representation Tp{'Km,\) is irreducible. 

Proposition 13. inl and Proposition 13.Ill are well known to experts, but for the convenience of the readers 
we will give their proofs in Appendix lAl 
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3.3. Global theory. Now let us assume F is global, and we fix the twisted endoscopic embedding 
^ —?■ ^GL{N). The global parameters and local parameters are related by the following theorem. 

Theorem 3.12. Suppose (j) G ^sim{G), then (py factors through ^Gy for all places v, i.e. cpy G 

This theorem is proved in 1 [Art 13] . Theorem 1.4.2). So for cp G ^(G), one has a commutative diagram 





^0 



where —)• is defined by (py. It gives rise to an inclusion ^ 5^^ for any place v, which induces a 

homomorphism Sp —)■ . One can define the global L-packet by taking the restricted tensor product 



V 


and define the global pairing by 

< x,TT >:= < x^,7r.y > . 

V 

Note that for almost all places v, < ■,TTy >= 1 by Theorem 13.61 so this product is well-defined. The 
main global result of Arthur’s theory is to give a description of the discrete spectrum of automorphic 
representations of G. Here we only state it for those discrete automorphic representations parametrized 
by $ 2 (G), i.e. for cp G $ 2 (G), we want to describe ^{G{F)\G{Af)) which consists of discrete 
automorphic representations vr such that the Satake parameters satisfy £(c(7r,,)) = cicp,,) for almost all 
places. Let n{G) = ®'yn{Gy). 


Theorem 3.13. Suppose cp G ‘h 2 (G), there is a decomposition as 'H{G)-modules 

^Lc, 0(G(A)\G(A^)) = m0 vr 

<',7r> = l 


where = 1 or 2, and mp 
/or </. G «I(G) - I> 2 (G). 


2 only when G is special even orthogonal and (p ^ Moreover, 


L 


'Lc,0(G(A)\G(A^)) = 0 


Remark 3.14. This theorem is a special case of ( |Artl3| . Theorem 1.5.2). By Arthur’s complete description 
of the discrete spectrum for orthogonal and symplectic groups, one can see 'h 2 (G) only contributes to the 
discrete spectrum of G. It is not hard to extend this to products of symplectic and special even orthogonal 
groups. In fact if G = Gi x G 2 x • • • x Gg, then we can define 4>(G) to be consisting of (p := (pi x (p 2 x ■ ■ ■ x cpg 
such that (pi G ^*(Gi) for 1 ^ i ^ q. Moreover, we can define := 0^=1 then S^ = 0^=1 
we let mp = 

For (p G 4>(G) and any subgroup S C Sq, let Cp act on D, G and G^ by conjugation through cp^. We 
denote the corresponding group cohomology by H*^s{Cp, •). Note H^£{Cp,D) = , H^£{Cp,G^) = 

and H^£{Cp,D) = H^{Wf,D). We define S'? := H^£{Cp,G ). Then we have the following diagram 


1-^ S^/D^ -^ Sj H^{Wf, D) 

^ p r 

1 -. sydl^ -. si ^ H\WF„,Dy). 
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Then Lemma 12.101 is still valid, and we again have the following exact sequence as in Section [2.21 

1- > S? ^^Rom{G{AF)/GiF)G{AF),C^). 

4. Coarse L-packet 

4.1. Statement of main local theorem. Now we assume G is of type (j2.2h . and A is the generalized 
similitude character. In this case G is a product of symplectic groups and special even orthogonal groups. 
We also assume 9 G T,q. 

Lemma 4.1 f |Xul6j . Lemma 3.13). Suppose (p G ^bddiG) and [tt] G then 
(4.1) < x,{'k^Y >= 0Jx{g) < X,TT^ > 

for any g G G{F) and x G 5®, where lOx = a{x) and 7r+ is an extension of tt to G~^{F) = G{F)x < 9 >. 

Corollary 4.2 f [Xul6j . Proposition 6.28). Suppose p G ^bdd{G) and [vr] G If tt is an irreducible 
admissible representation of G{F) whose restriction to G{F) contains vr, then = tt ® oj if and only if 
(jj G a (5®). In particular, 

X{f) = a{S^). 

Remark 4.3. In view of Proposition 13.111 Lemma 14.11 and Corollary 14.21 also hold for parameters in 
^unitiG), and the proofs are the same. 

For p G ^bddiG), let us fix a character of Zq{F) such that CIzg(f) is the central character of n^. 
Then we define to be the subset of titemp{G) with central character p, whose restriction to G{F) 
have irreducible constituents contained in Let X = Hom(G(F)/Zg(F)G(F),C^), so X acts on ^ 

by twisting. We call ^ a coarse L-packet of G, and its structure can be described in the following 
proposition. 

Proposition 4.4 ( |Xul6| . Proposition 6.29). Suppose p G ^bdd{G) and ( is chosen as above. 

(1) The orbits in under the conjugate action of G{F) all have size \S^/S^\. If F is nonarchimedean, 
there are exactly |5^| orbits. 

(2) There is a natural fibration 

X/a{S^°) -> fi^ ~-^n^/G{F) 

(3) There is a pairing 

TT —)•< •, vr > 

from ti^-^/X into S^. It is uniquely characterized by 

< X,TT > = < i{x),TT >, 

where i : and it is any irreducible representation of G{F) in the restriction of it. 

G and it are unramified, then < ■,it >= 1. Moreover, this mapping from ti^-^/X to is 
and when F is nonarchimedean it is in fact a bijection. 

This proposition is also true for ^unit(G)- Now it is natural to ask the following question. 

Question 4.5. For any lift p of p G ^bdd{G), can one assign a packet II^ of representations 
which gives a section of Res : >• tiff,/G{F), and also a stable distribution? 

The answer to this question can be formulated in the following theorem, which is our main local result. 


Suppose 

injective 

ofG{F) 
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Theorem 4.6. Suppose (j) G ^bddiG), and C is a character of Z^{F) whose restriction to Zg{F) is the 
central character of Let x = C\zp- Then there exists a subset ofll^^ unique up to twisting by X, 
and it is characterized by the following properties: 

( 1 ) 

= U ® 

u;eX/a{S^0) 

(2) For f G 'HtyG^x), the distribution 

f{4>) ■■= •4(^) 

is stable. 

(3) Suppose s is a semisimple element in S^ with oj = a{s) and {G',(j)' 
defined by part (1) and local Langlands correspondence for GL{n), 
that 

(4.2) f'{^')= Y. f^nG,x) 

where f^e{TT,uj) = tr{x{f)oAp{9,u})), and Ap{6,uj) is an intertwining operator between t\®uj and 
TT^, which is normalized in a way so that if f is the restriction of f on G{F), then 

(4.3) U\zpG(f))go^^^^) = >/c.9(vr) 

where x is the image of s in S^, 7r+ is an extension of tt to G~^{F) = G{F)y\ < 9 > such that 
7r+{9) = Ap{9). 

Remark 4.7. (1) In the notation of n^, one can think of f as some parameter of G lifted from <f. 

Since is only defined up to twisting by X, one can also take (f as a, formal symbol built in the 

notation of n^. In this paper, we will take the second point of view. 

(2) The normalizations in (j4.3ll is a consequence of (14.11) . When 9 = id, lo = 1 and x G 5^, Ap{id, 1) 
becomes a scalar and is equal to < x, it > by (14.311 . So we obtain the character relation from ()4.2p 

(4.4) f'{^')= Y /g(^’1)= Y <^’^>/g(^)- 

(3) If F is archimedean, II^ is defined by Langlands |Lan89| . In fact, we have 11^ = 11^ if II^ is not 
a singleton (see Proposition 16. Ill and also |HC75j . Theorem 27.1). Moreover, Part (2) and (3) can 
be directly reduced to (13.41) . (13.7|) and (13.8|) (see |Xul6j . Remark 6.32). 

(4) For (j) G since ^), we can define := Xp(n^^^), and this theorem can 

be easily extended to this case. 

Let us call this subset II^ the refined L-packet of G, and it is the genuine L-packet that one would 
expect modulo the action of Sq. As we can see from this theorem, the refined L-packet is uniquely 
determined by the character relation ()4.4p up to twisting by X. As a consequence of that, we can give 
another characterization of the refined L-packet. 

Corollary 4.8. In the setup of the previous theorem, any stable linear combination in 11^ ^ is given by a 
linear combination of f{(j) (8) w) := (/ (g) uj){(j)) for uj G X. 


) —)• {4>, s). Fix a packet 11^, 
then we can choose LIt such 
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Proof. In the archimedean case, one can deduce this from f [She79| . Lemma 5.3). So we will assume F is 
nonarchimedean, and we fix a refined L-packet Suppose 

/(^^) := X] ® ^ 3 ) 

ij 

is also stable for distinct Uj G X/a{S^°) and aij G C. Here is just a formal symbol for denoting 
another stable distribution. Since the map [tt] —?>< -,71 > is a bijection in the nonarchimedean case, we 
have 

< X, TTj >< X, TTj >= r ■ 6ij. 

x€S^ 

By inverting the formula of character relation ()4.4I) we get 

xes^ 

where f'{(p, x) = for some semisimple element s £ whose image in is x, and some H^, with 

{G',(l)') —^ {4>,s), and 

c{TTi,x) = - < XjTTj > . 

r 

Therefore 

= '^aijC{TTi,x)f'{^®UJj,x). 

ij 

If we separate those terms with x = 1 from the right hand side, and move them to the left hand side, we 
get 

(4.5) ® = '=(^0 ® 

ij iJ 

Now let US consider the endoscopic transfer map 

T^:n{G) - 

/' ^ ®G'efeii(G) ■ 

The left hand side of (14.511 can be viewed as value of F^{f) on some stable distribution of G, and similarly 
the right hand side of (14.511 can be viewed as values of T^{f) on stable distributions of elliptic endoscopic 
groups G' G £eii{G) — {G}. It is a consequence of the main results in |Art96] that the image of can 
be characterized as families of functions such that for any Gi,G 2 G SeiiiG) the parabolic 

descent of any two functions and 7*^2 to their common Levi subgroups M' of and G '2 coincide. 
Since cf' does not factor though any proper Levi subgroups of ^G for x / 1, then the stable distribution 
associated to 4>' is not supported on any proper Levi subgroups of G. The same is true for the stable 
distribution associated with H^,. So the right hand side of ()4.5p is not valued on any stable distributions 

supported on the Levi subgroups of G. Since (14.5p holds for all functions in 'H{G), then both sides of 
(14.511 must be zero. Therefore, 

0 = /^(7^) - ^ X] aij)f^{Ttk (g) ujj). 

i,j k,j i 

By the linear independence of characters, we have 



i 
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for any k,j. As we fix j and vary k, we get a system of linear equations. The solutions of this system are 
aij = aij for 1 ^ ^ r. Since this is also valid when we vary j, so we can conclude 


This corollary is also valid for (j) G proof is the same. 


4.2. Local twisted intertwining relation. The proof of our main local theorem fTheorem l4.6p requires 
global methods, and the existence of refined L-packet needs to be proved together with the character 
relations. Before we proceed to prove the theorem, let us first consider another form of character relation, 
called intertwining relation. The intertwining relation in its global form comes up naturally in the trace 
formula and it plays an important role in Arthur’s work [Art 13] . Here we need a twisted version of the 
intertwining relation, which in its local form is related to the twisted character relation (|4.2I1 . In this 
section, we again assume G is of type ()2.2p . and 0 G Sq. 

Suppose (p G ^bdd{G), and we assume cp factors through cpM £ ^bdd{M) for some Levi subgroup M of 
G. Let us define 

f^{G,M)=Aj^Z{df^/Z{Gf^, 

where A-^ is the maximal split central torus in M. It is a torus in S^. Then we can define its normalizer 
in 

N4G,M) = Norm(r4G,M),50), 
and the group of its connected components 

^4G, M) = N^{G, M)/N^{G, Mf 

= Norm(f4G, M), 5^)/Cent(7V(G, M), 

Notice S^{M) := is a normal subgroup of '^^{G,M). The quotient ^^{G,M)/S^{M) is the Weyl 
group 

W^{G,M) = W{S^,f^{G,M)). 

We write W^{G,M) to be the normal subgroup of automorphisms in W^{G,M) that are induced from 
the connected component 5°, and let 

R^{G, M) = W^{G, M)/W^{G, M) 

Moreover, W^{G,M) is a normal subgroup of iTl 0 (G, M), and we denote their quotient by S^{G,M), 

which is a subgroup of 5,^. Suppose M is the Levi subgroup of G containing M, then similarly we can 
define 

f-^{G,M) = A^Z{Gf^/Z{Gf^ 

which is a torus of 5?. Since A^/D = A^, we have T^{G, M) = T^{G, M). We can also define 

N^{G, M) = Norm(r^(G, M), S^) C iV^G, M), 
and the group of its connected components 

m^{G,M) = N^{G,M)/N^{G,Mf 

= Norm(r^(G,M),5^)/Cent(r^(G,M),5po C 0I4G,M). 


Again S^{M) 
group 


is a normal subgroup of M). The quotient Tt^(G, M)/5^(M) is the Weyl 


W^(G,M) = W(%,r^(G,M)). 
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Let us write W^{G, M) to be the normal subgroup of automorphism in W^{G, M) that are induced from 
the connected component 5?. Since = 5?, we have W^{G,M) = W^{G,M). So 

R^{G,M) = W^iG,M)/W^iG,M) C R^{G,M). 

At last, W^{G,M) is a normal subgroup of ^^{G, M), and we denote their quotient by S^{G,M), 
which is a subgroup of S^. If (j)M £ ^ 2 {M), then T^{G^M) = is a maximal torus in and hence 
S^{G, M) = S^, S^{G, M) = S^. So in this case let us also write 

fn4G,M)=fn^, m^iG,M) = m^, 

W^{G, M) = W^iG, M) = W^, 

W^{G,M) = w!l, hL?(G,M) = W^. 

To summarize all these relations, we have the following commutative diagram. 

(4.6) 


1 1 



1 1 


Suppose u G ^fj){G,M), we write Wu for the image of u in W^{G,M) and Xu for the image of u in 
S(p{G, M). Since Wu normalizes A-^, it also normalizes M, and therefore can be treated as an element in 
W{M). The standard parabolic subgroup P containing M allows us to identify Wu with an element in 
W{M) = W{M). We choose a representative 9u of Wu in G{F) preserving the T-splitting of M. Then 
(f)M £ ^bdd{M^^) and u defines an element in ;= Note that 

M ^ GL{Ni) X • • • X GL{Ng) x G_, 

and 

M ^ GL{Ni) X • • • X GL{Ng) x G_, 

where G- (resp. G-) is of the same type as G (resp. G) with smaller rank. Suppose 

<pM = </>l X • • • X (()q X (()_ , 
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where 4>i G ^bdd{Ni) and (/>_ G ^bdd{G-)- Then we can define 

= TT^i (g) • • • (8) (8) n<^_, 

where vr^. is associated to (pi. And any representation in this packet can be written as 

TM = T01 <8) • • • <8) (8) 7r_ 

= vtgl (8) vr_. 

Since , we can define a pairing between and by 

< -jTlM >: = < ■,T^GL >< UTl- >, 

where < -^ttgl > is in fact trivial. By Theorem 13.81 and the local Langlands correspondence for GL{n), 
we know vr^ = ttm- As usual, we can take the intertwining operator Tr^{6u) = <8 which 

preserves the Whittaker models on those general linear components, then the extension < > of 

< 'iT^GL > to is trivial (see Theorem 13.61) . So the extension < -jTtI > defined in Theorem 13.81 

(see also Remark l3.9p determines an extension < >. Now we define 

( 4 . 7 ) fQ{p^u)= ^ < u,7r~l^ > tr{Rp{eu,Trlj,p)Tp{TrMj)), fen{G,x), 

where Rp{6u,tt^,P) is the normalized self-intertwining operator on the space 'Hp{'Km) of normalized 
induced representation Ip{'Km) (see |Artl3| . Section 2.4). If we assume the existence of refined L-packet 
for p- as defined in Theorem 14.61 then can be defined in the same way as . And we can 
also define 

(4.8) Jq{P,u)= ^ tr{Rp{u,TTM,P)1p{^M®u)~^J)), j£'H{G,x). 

Here we need to give some explanations of this distribution. Firstly, (jJ = (u) = a^(xu). If 

ttm = 7101 <8 • • • <8 <8 

contains ttm in its restriction to M(F), then it follows from Corollary 14.21 that = ttm <8 w, and we 
let Aiij^{9u,oj) be the intertwining operator. Secondly, the automorphism 0^ on M is a composition 
of permntations of the general linear factors and antomorphisms sending gi to 9^^{gi) ■ A(g'_), where 
9 = 91 ^ ^ 9q ^ 9- ^ M. However the effect on general linear components of ttm is the same as for M, 

so we can use the same intertwining operator for the general linear components of ttm- In view of (|4.3I) . 
the pairing inside (|4.7I) is bnilt into Aj^j^{6u,oj) and hence into the operator Rp{u,PM,P)- Thirdly, 

Ipi^M 8) /) = R(a;) o Ip{ttm <8 /) 

where R{uj) is multiplication by uj, and Rp{u,TTM, P) is the normalized intertwining operator between 
'Hp{ttm) and 'HpipPM <8 w“^). The last thing is abont this normalization. Let us recall the formulation of 
the normalized intertwining operator 

Rp{9u,'Pm,P) '■= t^m{9u) o irp{wu,pM)~^Jp{9u,TiM))- 
Here rp{wu, Pm) is the normalizing factor, and Jp{9u,ttm) is the nnnormalized intertwining operator 
between T-Lp{'km) and 'Hp{7rj^ ), which is defined by an integral over 

Np n WuNpwp\Np, 

where Np is the unipotent radical of P. The key point is to notice that 

ReSgjJjXp(TM) =Xp(ResJJJjJjitM)- 

So we obtain isomorphisms between the following spaces as ^(G, x)-iiiodnles 

Ppi^M) — ^ Pp{ti^m)—P pi^M ® 

■'■'MCResTTM 
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■'■‘MCResTTM 

Under these identifications, we can easily see from the definition of unnormalized intertwining operators 
that 

■'’'MCResS'jvf 

Let = vr^j ® ® ® 7r<^_. The normalizing factor rp{wu, (Pm) for Jp{9u,'Pm) is equal to the 

product of A-factor X{wu) (see [Art 13] . (2.3.19)) and 

(^•^) -^(^j -^(^5 ^</>M ’/^^~lp|p) 

where the L-functions involved here are either Rankin-Selberg L-functions or (skew)-symmetric square 
L-functions. We can set rp{wu, <Pm) '■= rp(wu, 4 >m) for Jp{9u, ^m)- In fact this is what one would expect 
according to Langlands’ conjectural formula for the normalizing factors. By his conjecture, (|4.9I1 could 
be replaced by 

^(0’ pI-^P\P ° M40, pI-1 p|p o 4>m, i^F)-^L{l, p^p o (Pm)-\ 
where is the contragredient of the adjoint representation of over fo -ip nhp\n,-ip, where 

Wu r^\r^ '^u ^ ^ 

hp is the Lie algebra of A'p. Since 

Pw-^p\p ° ^ Pw-^p\p ° 

then the conjectural formulas for rp^Wu, (Pm) and rp{wu, (Pm) are the same. Finally we can normalize 
Aj^M{Pu-,(jj) according to (j4.3n . so after composing with this operator we get 

(4.10) Rp{u,fi-MA)-=A^^{eu,uj)o{rp{wu,^M)~^Jp{9u,^M))= 0 < u, > Ap(6'«, 7r)|^, </>). 

As a result, if / G ^(G, x) is supported on ZpG{F) and / is its restriction to G{F), then 

/ g (<^>“) = fG{(p,u)- 

Suppose s is a semisimple element in S^, and (G', (p') —> {(p, s). For any lift H^,, let us define 

f'~{ls) = f^'i^'), fGn{G,x)- 

Now we can state the local w-twisted intertwining relation. 

Theorem 4.9. Suppose (p G ^bdd{G), for semisimple s G with (G', (p') —> {(p, s), the following identity 
holds for some lifts Ll^ and Ll^, that 

(4.11) fci^^u) = f'~{(p,s), fGn{G,x), 

where u G ^fj,{G, M) and s G Sp, have the same image in Sp,. 

The next lemma shows that for G, the ca-twisted intertwining relation (j4.11ji is equivalent to the un¬ 
twisted character relation (see (14.21) when 0 = id), if one has the local intertwining relation for G ( [Art 13] , 
Theorem 2.4.1). 

Lemma 4.10. For (p G ^bdd{G), we assume (p factors through cpM G ^ 2 {M) and exists. We define 
:= Xp(n^^). Suppose u G 91<^(G,M) and semisimple s G S^ have the same image x in S^p. Then 

/g((^,u) = f~if,s) 

for some Ll^ and if and only if 

f'a{f,s)= fG{^,u}), 

Ulefi^ 

where oj = a(x) and f G ^(G, x). 
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Proof. By Corollary 14.21 we have II^ = II^ (8) uj. Since 

f^{^,u)= ^ tr{Rp{u,TTMA)1-p{^M 

we can assnme 

f^{^,u)= ^ fG{^,ujy, 

WGfi^ 

where /^(7r,w)' = tr{p{f) o for some Aji{uj)' intertwining tt ® oj and tt. Note that if / is the 

restriction of / on G{F), then {f\zpG(F)'^G^^^^'^ ~ By the local intertwining relation for G 

( |Artl3j . Theorem 2.4.1), we have 

if\zpG{F))G^^^'^) = ^ < x, 7 r >/G(vr). 

[7r]en,^ 

So /^(frjO;)' = for / supported on ZfG{F). This means for [tt] G n^, Ap{ijj)' = Ap{u}) as defined 

by (14.31) . Thus = f^{7r,uj) for all / G HiG, x), and the lemma is clear. □ 

As we can see from the proof of this lemma, f^{(j),u) only depends on the image of n in 5^. And one 
should expect f~{4>,s) only depends on the image of s in 5^ as well either from the w-twisted character 
relation or the w-twisted intertwining relation. But there is a little ambiguity here for f~{4>,s) depends 
on the choice of lift n^,. The next lemma resolves the ambiguity and establishes this property directly. 

Lemma 4.11. For cj) G ^bddiG) and x G S^, there is a natural way to get a family of lifts for all 
semisimple s G with image x in S^j, and (G',(/>') {4’,s). And for these lifts /-(</>, s) are the same. 

Proof. The proof is essentially the same as for fG{<f),s) in f [Artl3| . Section 4.5) except for one does not 
have any ambiguity in that case. Since it is important to clarify the ambiguity here, we will review the 
original proof and show how one can get rid of this ambiguity. Suppose semisimple s G has image x in 
if s is replaced by an .S^-conjugate si, then the corresponding pair {G'i,(j)[) is isomorphic to {G',4)') 
under A^-conjugation. And this extends to an isomorphism between G'^ and G' for = S^. So we can 
simply take the lifts and it is clear that s) = f'^if), si)- 

Now if we fix a maximal torus T^j) of and a Borel subgroup containing it, any automorphism 
of the complex reductive group stabilizes a conjugate of So we can choose a semisimple 

representative Sx of x in so that Int(sa;) stabilizes {T^,B^), and such representatives are determined 
up to a T^-translate. Moreover the complex torus 

7^,2: = Cent(sa,,r,^)° 

in is uniquely determined by x. Note that T^jj^x is the connected component of the kernel of the following 
morphism 

Ttj) 


1 1 ->• Sx ^tSxt ^ 

So any point of can be written as {sf^tSxt~^)tx for t gT^ and tx G T^^x (see |Spr09| , Corollary 5.4.5), 
and hence any point in SxT(j, can be written as 
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This means it is enough to consider the T^^ 3 ;-translates of Sx- Finally, we can take the centralizer M of 
in G which is a Levi subgroup of G, and it is dual to a Levi subgroup Mx of G. So {4>,Sx) is the 
image of a pair 

4>M:, € ^bdd{Mx), SM^ G 

attached to Mx under the L-embedding ^Mx C ^G. This pair is in turn the image of an endoscopic pair 
(M^, (t>'M^)i nnd in particular, E $ 2 (TL^). Note that for all T^^aj-translates Sx,iof Sx, the corresponding 
(j)' also factors through ^M'x- And we have 

f^i^^Sx) = = /g(<^,Sx,l). 

Now if we reverse our argument, we see any lift n^, will give rise to a family of lifts for all semisimple 
s G Sfj, with image x in 5^, such that s) are the same. This finishes the proof. 

□ 

In fact our discussion of the a;-twisted intertwining relation for G can be extended to that for G x 0. 
For (j) € ^bdd{G^), suppose it factors through (f>M G ^bdd{M) for some Levi subgroup M of G. Let us 
define 

M) = Norm(r4G, M), S^)/Centif^G, M), 5°)°, Wj^iG, M) = WiS^, f^{G, M)), 


fn+(G, M) = Norm(r4G, M), 5+)/Cent(r4G, M), 5°)°, 

and 

Olt(G, M) = Norm(r^(G, M), 5t)/Cent(r^(G, M), 5?)°, 


W+{G,M) = W{S+,f4G,M)), 
II^±(G,M) = IT(5t,r^(G,M)). 


Then we can have a commutative diagram analogous to (|4.6I) . 
(4.12) 

1 


1 


wKg,m) 


W^{G,M) 


-4 5^(M) 


1- >S^{M) 


W9iG,M) 


W^{G,M) 


-4 0lt(G,M) 


-^%iG,M) 


-4 5^(M) 


1-y5^(M)- >S+{G,M) 


^W+{G,M) 


-^WT{G,M) -^1 


-4 1 


-4 5t(G,M) 


^R+iG,M) -.1 


^R+iG,M) 


1 


1 


1 
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For u G ^^{G, M), we again write Wu for the image of u in W^{G,M) and Xu for the image of u in 
S^{G, M). Since Wu normalizes it also normalizes M, and therefore can be treated as an element in 
the Weyl set W{G y\ 6,M). The standard parabolic subgroup P containing M allows us to identify Wu 
with an element in the Weyl set W{G yi 0,M) = W{G y 9,M). We choose a representative 6u of Wu in 
G{F) X 6 preserving the T-splitting of M. Then G and u defines an element in 5^^. 

As in the previous case, we define 

(4-13) f^e{4>,u) = ^ >tr{Rp\gp{6u,TTlj,(l))Ip{7rM,f)), f£'H{G,x)- 

Here i?p|ep(0u, (/>) is the normalized intertwining operator between 'Hep{'K^j^^) and V.p{7tm), and 

I^p{7rM,f) = R{0)-^oIp{7rMj), 

where R{0) is induced from the action of 0 on G{F). We can also define 

(4.14) fQe{^,u) = ^ tr{Rp^gp{u,TTMA)^p‘^{^M^oj~^,f)), fen{G,x)- 

Here uj = a^{u) = a‘^{xu), Rp^Qp{u,TTM,4') is the normalized intertwining operator between R-gpi^M^) 
and Rp{TTM ® and 

'I-p^(F m ® J) = R{0)~^ 

As before, we can identify 

R-eP^^M ) - ^ RepiT^M )) 

and 

Rp{pM®G)~^)= ^ Rp{t^m)- 

QR^STTm 

Then under these identifications, we have 

Rp\Qp{u,pM-ii') = ^ > Rp\op{9uFt4-,(f)- 

Therefore, if / G R{G,x) is supported on ZpG{F) and / is the restriction of / to G{F), then 

fQe{^,u) = /cs(</>,u). 

Suppose s is a semisimple element in 5®, and {G', cj)') —> {(j), s). For any lift H^,, let us define 

f~ei^,s) = F'i^'), feR{G,x). 

Now we can state the (0, a;)-twisted intertwining relation. 

Theorem 4.12. Suppose (j) G ^bdd{G), for semisimple s £ with {G'^cf') —> (<(>, s); the following 
identity holds for some lifts H^ and H^, that 

(4.15) fQe{^,u) = f~g{f,s), f£R{G,x), 

where u G M) and s £ have the same image in S^. 

Finally, it is easy to see that Lemma [4. 101 and Lemma [4 .11 1 can be extended to this case too. Moreover, 
the discussion of this section can be carried out for f as well, and the corresponding twisted 

intertwining relation will follow from the tempered case. 
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5. Stable Trace Formula and Multiplicity Formula 


5.1. General setup and stable trace formula. In this section, we will set up the means to prove 
the main local theorem (Theorem 14.6p . The method is global and we are going to use various types of 
stabilized trace formulas. To be more precise it is the discrete part of the trace formula and its stabilized 
form that we are going to use. A detailed discussion of this can be found in ( [Art 13] . Chapter 3). The 
stabilization of the ordinary trace formula has been established by Arthur in jArtOl] |Artn2] |Artr)3] , and 
it also rests upon Ngo’s proof [NgolOj of the Fundamental Lemma. In the twisted case, this results from 
the long project of Moeglin and Waldspurger |MW16] . 

Let us assume F is global, and let G, G, D and A be defined as in Section 12.1.11 Let 9 be an 
automorphism of G preserving an F-splitting and we assume A is 0-invariant. Let = n^; be 
a closed subgroup of Zq{Af), such that satisfy the conditions in Section 12.41 We also require 
Z^pZaiAp) = Z^{Af) and Z^pZ^{F) is mapped to a closed and cocompact subgroup in Zq{Af)b- Let 
Zp = Z^p n Zq{F) and x be a character of Z^pjZp. Let Z^p = Z^p n Zq{Af) and Zp = Zp H Zg{F). 
We denote the restriction of x to Z^p by x- First we consider the discrete part of the 0-twisted trace 
formula for G. For any nonnegative real number t and / E T-L{G,x), h is a distribution defined as follows 

(5-1) = X] \det{w-l)^Ge\~^tr{Mpigp^t{w,x)Ip,tix,f))- 

{M} weWS{M)reg ^ 

Here we need to give some explanations of this formula. The outer sum is taken over G(F)-conjugacy 
classes of Levi subgroups M of G, and the inner sum is taken over elements w in the Weyl set 

W^{M) = Norm(AM,G X 0)/M 

such that I det(t(; — 1) g® / Oj where is the kernel of the canonical projection of 
“m 


and 

ace = ac/iX - e{X) : A E ac}. 

For any Levi subgroup M of G, we can take the direct sum of 

LLc,t(M(F)\M(A^),CM) C LI,^{M{F)\M{Af),Qm) 

such that the central character (^m extends x aad is invariant under some element of W^{M)reg, and the 
archimedean infinitesimal characters of the irreducible constituents have norm t on their imaginary parts, 
then 

lpAx,f)=[ f{g)lpAx,9)dg 

JZj,p\G{Ap) 

defines an operator on the space TLpAx) of the corresponding normalized induced representations. The 
operator Ip^{x,f) is the composition R{9)~^ o IpAxA)^ Mp^gpAwjX) is the standard intertwining 
operator between 'Hep,tix) and RpAx)- Note when 9 = id, the term for M = G in (|5.ip is given by trace 
of ^gAX: f) on the corresponding part of the discrete spectrum of G. 

The discrete part of the trace formula ()5.ip can be stabilized, and we get the following formula. 


(5.2) 


IdLAf)= E ^{G,G')SZcAf''')- 


Here are stable distributions on G', and they are defined by induction from the stabilized 

formula for If denote the image of under the inclusion {Zg)b —)• Zq/ by and let 

Z'F = Z'^pd^ZG>{AF),iheTiIZptU') is defined with respect to a character A of Z'^^jZ'p determined by 
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X and the twisted endoscopic embedding ^G' — ^G, and f G 'H{G',x')- The coefficients i{G,G') are 
given by the Kottwitz’s formula, 


(5.3) 


l{G,G') 


\Mz(Grn 


keT\F,Z(G'))\ 

keT\F,Z{G))\ 


7ro(AutG(G"))r^ • \kgo/kgo n Z{G')\-\ 


where Kgb = When 9 = id, the term Iugs/k-g^ hi Z{G')\ ^ = 1. 

(j 

We can also write down the same trace formulas for G, but in this case we also need to consider the 
(u-twisted version of these trace formulas. Let a; be a character of G{Ap)/G{F) and / G 7i{G,x)i the 
discrete part of the (0, w)-twisted trace formula for G takes the form 

(h-4) = |det('u;- 

.—' ^ .—' M ’ ’ 

{M} WGW0{M)reg 


where the operator /-‘^(X;/) is the composition R{9) ^ o R{u) o Ip^{Xif)- For the term corresponding 

to M = G, we let R%,pt{f) := lG,tixJ) and denote R[e)-^ o R{uj) o by Rfi^cfU)- After 

stabilization, (15.41) becomes 


(5.5) 


j(GLa;) 

^disc^t 


if) 


i{G,G')sg,4f^'), 


where the coefficients t(G, G') are given by the same kind of formula as in (15.3h . 

We denote by A{G) (resp. A 2 {G)) the set of (resp. discrete) automorphic representations of G, and 
by Caut{G) the set of families of Satake parameters of automorphic representations of G, modulo the 
equivalence relation that c = c' G Caut{G) if and only if Cy = c(, for almost all places v. More generally, we 
extend this notion to admissible representations of G{Af), and we denote the corresponding set by C^{G). 

For c G Ca(G) and its projection c on ^G, we can write Id^c,t,cif) (^®sp. igsc^-if) and RgsggU)) for the 

part of I^isctif) (resp. {f) and Rgg^\f))^ which is contributed from automorphic representations 

TT (resp. tt) satisfying c(7r) = c (resp. c(7r) = c). Then can be defined inductively using (|5.2p 

for 9 = id. To be more precise, let 


Sgsctgf) = E 


(/') 


c'^c 


and the sum is over the preimages c'of c in Ca{G') under the twisted endoscopic embedding ^G' —>■ ^G. 
Then we define 


qG (f) = lG 

'^discd,c\J / -‘■disc,t,c 


(/) 


E i{G,G')Sg,^,^,{f^'). 

G'G£ea(G)-{G} 


Similarly, we can define The next lemma shows that (resp. Sfisctcif)) stable 

and we get a decomposition for (j5.2p (resp. (15.5^ 1. 


Lemma 5.1. (1) ^%sc,tgf)) 

(2) The stabilization of the twisted trace formula (15.2|) (resp. (15.5p ) can he decomposed aceording to 
cGCa{G) (resp. c G Ca{G)), i.e. 



jG^ (— 

-‘■discdiCkJ J 




G'e5.„(G'') 

resp. 



(5.6) 

l{Gfij)j?) ^ 

discd,c^'^ ‘ 



G'&Sm(G^,A 
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The lemma is an application of the theory of multipliers, and the proof is the same as in ( |Artl3] . 
Lemma 3.3.1). 

As in the local case where we study the relation of representations between G and G, here we want to 
discuss the relation of (resp. with (resp. The next lemma 

is the first step of studying this relation. 

Lemma 5.2. Suppose vr is an irreducible admissible representation of G{Af) and tt is an irreducible 
constituent of it restricted to G{Af), then the set of Satake parameters c(7r) is mapped to c(7r) under the 
projection p : ^G —> ^G. 

Proof. This lemma is essentially local, and it suffices to show for any place v of F, if both and vf^ are 
unramified and is contained in the restriction of ity to G{F.„), then c(7ft,) is mapped to c{tTv). If G^ is a 
torus, this follows from the Langlands correspondence for tori. In general, ity is an irreducible constituent 
of Xg (xy) for some unramified character Xy on the maximal torus Ty with Borel subgroup By ^ Ty, and 
one has c(fky) = c(x„). Since 

(Av) = (Res^” Xv), 

then c{TTy) = c(xt,|'r„)- So again by the Langlands correspondence for tori one has c(Tty) mapped to 

c(7ry). □ 

Now we assume G is of type (12.2p . By Corollary 12.41 X{Zq{Af)) H D{F) = X{Zq{F)). So we have 
X{Zq{Af)) n X{G{F)) = X{Zq{F)), which is equivalent to 

G{Af) n G{F)Zq{Af) = G{F)Zg{Af). 

Therefore, 

G{F)Zg{Af)\G{Af) = G{F)Z^{Af)\G{F)Z^{Af)G{Af). 

Let C be a character of Zq{Af)/Zq{F) and C be the restriction of C to Zg{Af), then we have 

lIUG{F)\G{Af),C) = Ll,y{G{F)\G{F)ZQ{AF)G{AF),C). 

Note that right multiplication by G{F)Zq(Af)G{Af) on the right hand side induces an action on the left 
hand side. In fact the action by G{F) on the left hand side is given by conjugation on G{F)\G{Af) and 
the action by Zq{Af) is through the central character (j. The following lemma shows that the L^-discrete 
spectrum of G{Af) is essentially induced from the L^-discrete spectrum of G{Af). 

Lemma 5.3. = Li„(G(F)\G(AF). 0- 

Proof. First of all, there is a natural G(Ai?)-equivariant isomorphism 

G{F)ZQiAF)\G{AF) - G{F)Zg{Af)\G{Af) XGiF}ZQiA,)G(A,) 

Here we can view G{F)Zq{Af)G{Af)\G{Af) as a closed subgroup of X{Z^{Af))D{F)\D{Af). Since 

X{Zq{Af))D{F)\D{Af) 

is compact (see |Neu99] . Theorem 6.1.6), then G{F)Z^{Af)G{Af)\G{Af) is also compact. So one can 
define an inner product on the space of G(T)Zg(Ai?)G(Air)-equivariant continuous functions from G{Af) 

to L^{G{F)\G{Af),C), be., 

[L'^{G{F)\G{Af), C) (8) 

by integrating over G{F)Zq{Af)G{Af)\G{Af). Moreover, one can normalize its Haar measure such that 
L‘^{G{F)\G{Af),C) ^ completion of [L\G{F)\G{Af),C) «> C'(G(Ai.))]^(^)^e(Af)G(AF)^ 
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which is compatible with G(AF)-action. Note that the right hand side is nothing but 

G{F)Zq{Af)G{Af) '' '' ^ 

Finally, since G{F)Z^{Af)G{Ap)\G{Af) is compact, one must have 

- LLAG{F)\G(AM). 

□ 


Let X be the set of characters of G{Af)/Zq{Af)G{Af), and let Y be the set of characters of 
G{Af)/G{F)Zq{Af)G{Af)- If TT is an irreducible admissible representation of G{Af), and tt is an 
irreducible admissible representation of G{Af), let us define 

G{7t) = {<7 G G{Af) : tt® = tt} 

X{7r) = {oj ^ X : F = F ^ oj} 

Y{f) = Yr\X{F). 


By |HS12l Lemma 4.11], we know Y{f) = {G{Af)/G{f)G{F))* is finite. The following lemma is inspired 
by [LL79] Lemma 6.2]. 


Lemma 5.4. Suppose f is an irreducible admissible representation of G{Af), and f is an irreducible 
constituent of f restricted to G{Af)- Then the multiplicities of f and f in the discrete spectrum are 
related by the following formula 

(5.7) m{F ® uj) = m{F^). 

ui£XIYX(i) g&G{AF)/G{-n)G(F) 


Proof. By Lemma 15.31 

(5.8) lI,,{G{F)\G{Af)X) = Ind|^;]^(^^^^(^^^LL.(G(F)\G(Arr), C) 

and we would like to expand the right hand side. First, we need to decompose L'^-g^{G{F)\G{AF),C) as 
a representation of G{F)Z^{Af)G{Af). Recall Z^{Af) acts through ( and G{F) acts by conjugation on 
G{F)\G{Af). Let F be any constituent in L'^^g^{G{F)\G{AF),C) and 

Gi{f) = G{F)Zq{Af)G{Af) n G{f). 

Then Gi(7r) will act on the 7r-isotypic component I{f) and we get 


m(7r) 

L(7r) =^711(8) uji, 

UJl 

where tti is an extension of f to Gi{f) and the sum is over m(7r) characters cji of Gi{f)/Zq{Af)G{Af), 
which depend on the extension fi and can have multiplicities. Since m(7r) = m{F^) for g G G{F), we 
have the following decomposition 

_ m(7r) 

Ll,^iG{F)\G{AF)X) = vn ® cui), 

{tt} ^1 

where the outer sum is taken over equivalence classes {vr} of constituents in L'^-^^{G{F)\G{Af),C) under 
the action by G{F). Taking this expression into (15.8p . we get 


L 


2 

disc 


(G(F)\G(A7r),C) = 0Ind 

{tt} 


G{Af) 

G(F)Z^(Af)G(Af) 


I^^G{F)Z^{Af)G{Af) 

Gi{tt) 


m(7r) 

(0 VTi (gjWi) 
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_ m{iT) 

-0Indg^;)^(07ri®a;i). 

{tt} 

Moreover, 

_ _ m(7r) 

^Lc(G(F)\G(Air),C) - 01nd|^^")lndgw (0 vri ® o;i) 

{tt} 1^1 

_ m(7r) 

^0 )®a;i 

M “^1 a;G(G(7r)/Gi(7r))* 

m(7r) _ 

-00 0 

{tt} i^l aje(G(7r)/Gi(7r))* 

where tti is an extension of tti to G{tt) and ui is extended to G'(vr). Suppose tt' = tt^ for some G 
G{Ap)/G{F)G{7r), we have 

Gi(7r') = Gi(7r») = G(F)Zg(AF)G(Air) n G(7r^?) = G(F)Zg(Air)G(Air) n 5(71)^^. 

Since G(7r)S' = G(7r), then Gi(7r') = Gi(7r). Hence = 7r^(8>cUg for some character of Gi(7r)/Zg(Air)G(Ai?). 
Similarly one can show tt^ = irf (g) ojg for some extension of ojg to G{'k). So 

- 0 ^{®UJ®UJg, 

t*;e(G(7r)/Gi(7r))* 


and 

aje(G(7r)/Gi(7r))* 


0 Indg^J"^7ri(8)a;(8)W3. 



wG(G(7r)/Gi(7r))* 

G{p) 


Therefore 








lI^Mf)\g{Ap),0 - 0 

_ © _ © 

.© 

Ind~^^f ^TTi ®oj®uJi®ujn, 
G{it) 


geG(Af.)/G(F)G(7r) <^1 a;G(G(7r)/Gi (tt))* 


where the outer sum is taken over equivalence classes {7r}~ of constituents in L?‘{G{F)\G{Ap),Q) under 
the action by G{Ap). Note the characters oji in this formula depend on By our definition of Gi(7r), 
the characters of G(7r)/Gi(7r) can be extended to that of G{Ap)/G{F)Z^{Ap)G{Ap). If we let 

f iG(Af)~ 

^ = '"'‘gw 

then from the above formula one can see easily that 

u]£X/YX(i) g£G{AF)/G(-K)G{F) 


□ 
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5.2. Multiplicity formula. It is natural to apply Arthur’s multiplicity formula (cf. Theorem 13.131) to 
the right hand side of (15.7p for those representations parametrized by (/) € ^ 2 {G)- But we can not apply 
that formula directly since it only gives the multiplicity of tt as an ^(G)-module for [tt] G So let us 
define 

7r'~7r 

where tt' = tt as ^(G)-modules. Then the multiplicity formula for [tt] € fl^ asserts that 

(5.9) fn(7r) = < x,7r >, 

where is defined in Theorem 13.131 and Remark 13.141 For any irreducible admissible representation tt 
of G(Ai?), whose restriction to G{Kp) contains vr, let us also write 

m(7r) = E E m{TT' (g) w), 

where tt' = p ® oj' as ^(G)-modules for some oj' G X, and we take such fr' modulo twists by X in the 
sum. Then we can rewrite the formula (j5.7p as 

(5.10) m(7r) = ^ rh{TT^). 

geG{Ap)/G{7z)G{F) 

Now we can apply Arthur’s multiplicity formula (15.91) to the right hand side of (15.101) to get the following 
result. 


Lemma 5.5. Suppose tt is an irreducible admissible representation of G{Ap), and tt is an irreducible 
constituent of tt restricted to G{Ap). If [vr] G for (j) G l> 2 (G'), then 


(5.11) 


m(7r) = 


l^(^)l 

l«(5<^)l 


x&St 


Proof. First we want to rewrite the right hand side of p5.10l) as an integral over G{Ap) / G{F)Zq{Ap)G{Ap). 
Consider the integral 


L 


G{AF)/G{F)Zf,{AF)G{AF) 


m{p3) dc, = ^ f 

, ’J (jn 


m TT 


^s)d/i 


geGiAF)/GiF)GG) ” G(.)/G(.)nG(E)Zg(A,)G(A,) 

Y ^(^^) • vol{G(7r)/G(7r) n G{F)Zq{Ap)G{Ap)}. 

gGG{AF)/G{F)G{F) 


Since 

and 

then 

(5.12) 


vol{G(7r)/G(7r) n G{F)Zq{Ap)G{Ap)} = 


vol{G{Ap)/G{F)Z^{Ap)G{Ap)} 


m TT = 


|G(A^)/G(F)G(7r)| 

\G{Ap)/G{F)G{f)\ = |y(7r)|, 

|y(T)| f 


vol{G{Ap)/G{F)Z^{Ap)G{Ap)} Jg{Af)/G{f)z^{Af)g{Af) 


m{TT^) dg. 


Combining the multiplicity formula (j5.9p and also our local formula (14.ip . we can compute the integral 
on the right hand side of (I5.12h as follows, 


I G{Af)/G{F)Zq(Af)G{Af) 


m(7r^) dg = 

Jg 


m^\S^\ ^ Y < > dg 

G{Af)/G{F)Z^{Af)G{Af) 
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= m, 


xdS. j G{Kp)/G(F)Zq(Kp)G{Kf) 


m!j>\S(j,\ ^ y] < X, TT > •vol{G(Ai7’)/G(F)Zg(Ai7’)G(Ai7’)} 
xes^ 

^ < x,7r > •vol{G(AF)/G(F)Zg(A^)G(AF)}. 


xe5;r 


Substitute this into (I5.12p . one gets 


m[Tr) = m^- 


\yi^)\ 


• lyi ^ y < a;,vr > 


3 ;G<St 


□ 


Although this lemma does not give a multiplicity formula for G, it has a very interesting consequence. 

Corollary 5.6. Suppose it is an irreducible admissible representation of G{Af), and vr is an irreducible 
constituent of n restricted to G{Af). If [vr] G for (j) G $ 2 (G); then there exists lo & X such that it ® a; 
is isomorphic to a discrete automorphic representation as 'H{G)-module if and only if < -jit >= 1. In 
particular, ifS^ = l such character always exists. 

Proof. Since < x,it >=< x,7r > for x G S^, it follows from the formula (j5.1ip that 


m 


0 


if < •, it >= 1, 
otherwise . 

So the first part of this corollary is clear. Next if 5^ = 1, then we always have 

|y(it)| 


m(ir) = 


a(‘5<>)r 


and this shows the second part. 


□ 


In fact, we can refine the result of Lemma 15.51 to get a multiplicity formula for G by applying the 
stabilized twisted trace formulas. First, we need to define an equivalence relation on Ca{G) such that 
c ^ c' G Ca(G) if and only if Cy is So-conjugate to for almost all places, and we denote the set of 
equivalence classes by Ca(G). Let Caut{G) be the subset of Ca{G) consisting of equivalence classes of 
Caut{G). 

Lemma 5.7. Suppose c G Ca{G), then 

= 0 

for f G HiG, x), unless the projection ofc under p : ^G —>■ ^G belongs to the set Caut{G). 

Proof. It follows from Lemma 15.21 and Lemma 15.31 that 
(5.13) trRg^^,~{f) = 0, 

unless c projects to c G Caut(G). Suppose the projection of c in Ca{G) does not belong to Caut{G), then by 
the principle of functoriality (which results from Arthur’s theory |Artl3] i. it neither belongs to Caut{AI) 
for any Levi subgroup M of G, nor to Caut{G') for any endoscopic group G' of G. Then for the same 
reason as (j5.13p . one gets trR^^^^~{fM) = 0. So it follows from the definition (see (j5.ip i that 

lisc,t,cif) = 0 . 
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Since 

= -fL,,,E(/) - ( E ‘(G, ), 

G'g£m{G)-{G} 

we can assume = 0 by induction, then 

S%sc,t,zU) = 0- 


□ 


For (j) G ^{G), Arthur (cf. [Art 13] . Section 3.3) defines the (/(-component of the discrete part of the 
twisted trace formula for G and its stabilized form. Note that c{4>) defines an element in Ca{G), and 
cj) also determines the norm of the imaginary part of archimedean infinitesimal character, which can be 
denoted by so we can write 

c—>c(</>) 

and 

c—>c(</>) 

where these sums are all over preimages c of c((/>) in Ca(G). Then the stabilization of the (/(-component of 
the twisted trace formula for G is 

G'efeidG®) 

where 

= E ^dLc,tW,c'if^')- 

c'—>-c(0) 

Here we want to define the (/(-component of the discrete part of the twisted trace formula for G. Let us 
write 

r(G®,G))/P\_ \ ^ j{G^ 

disc,A ■' / V disc,t{0),c^'^ 

c—)-c(0) 


and 




^discAA 'y y ^disc,t{<l>),c 
c—>-c(0) 


(/)• 


Then the stabilization of the (/(-component of the twisted stable trace formula for G is 
(5.14) &(/)= E ‘(G,G')sL,4/«'), 


G'&Sm{G^,ui) 


where 


SdLcAf^') = E ^disc,tW,Z'if^')- 

c'—>.c(0) 


(G^ cj) “ 

Similarly, we can also define R)iisc<i!A)- For cj) G <1>2(G), it only contributes to the discrete spectrum of 
(cf. Remark l3.14p . and by Lemma 15.31 it also only contributes to the discrete spectrum of G. So we have 

( 5 - 15 ) = trAAlClA)- 


G 


Now we can give our multiplicity formula for G, and we will start with the simplest case, i.e., G = 
GSp{2n) or GSO{2n,rj). 
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Proposition 5.8. Suppose G = GSp{2n) or GSO{2n,r]), n is a discrete automorphic representation of 
G, and n is an irreducible constituent of tt restricted to G{Af). If [tt] G for cf G ^ 2 {G), then 

(5-16) m{Ir) = 

where = 1 or 2, and = 2 only when G is special even orthogonal, f ^ ^{G^°), and tt = tt^° (8* a; 
for some to gY. 


Proof. Since vr is automorphic, we can take vr to be automorphic as well by Lemma 15.31 and hence 
< ■,7T >= 1. It follows from Lemma 15.51 that 

(5.17) m(it) = 

Since Oq acts on {tt' tt}, we can write 

?fio(7r) = E E m(7r' ® uj), 

{Tt'^x*}/X,eo u)&X/YX{n') 

where the sum modulo twists by X and 6q. If vr = vr^o, then 


mo(7r) = m(7r) = m(7r®a;). 

u)£X/YX(i) 


If TT ^ 7r^°, mo(7r) 
(5.18) 


^m(7r). Therefore, we have 


mo(7r) 






if TT ^ TT^O, 

if vr ^ 7r^°. 


Note that a{S^) C E(7r), so 

= irWMS*)!. 

I«(‘5</.)| 

In particular, Y {tt) / a{S^) is a two-group. We can fix a subgroup of representatives in E(it) and denote 
it again by y(7r)/a(5<^). 

Let us first consider the case tt ^ tt^° . If Y{it)/a{S,ff) = 1, then the lemma becomes obvious. So let us 
assume 1 / w G Y{tt)/ a{S^), and by the stabilized ca-twisted trace formula (I5.14j) . one gets 


^disc^(p 


if) 


Y, i{G,G')sg,^4f^'), 


for / G 'H{G,x)- Since io is not in 0(5^), f can not factor through ^G' for any G' G £eii{G) such that 
G' G £eii{G,io). Then by Lemma[521 sg^^f^') = 0 G' G £eii{G,io), and hence 

j(G,uj),F _ Q 

In particular, 

{5-19) "< (/) = /£">(/) = 0, 

as (j) G 4>2(G). This is true for all nontrivial uj G Y{Tt)/a{S^). Let I {it) be the yf-isotypic component in 
R%sc<f>^ and one observes Y {tt) /a{S,f)) will act on I{tt) by multiplication. The action of Y{tt) /a{S,p) does 
not commute with that of G{Af)^ but one can take 

G\p = {9 G G{kF) ■ Gi{g) = 1 for all w G Y{iT)/a{S,p)}, 
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which is of finite index in G{Ap), and then it will commute with the action of In fact one can have 
a decomposition 

H^) = 0 

g&GiAF)/Gi^ 

by restricting to The point is each summand is invariant under Y{TT)/a{S^) and has the same 

multiplicity as if. By (I5.19p . one has 

tr{R{f) o = 0, 

where R{lo) denotes the multiplication by u. In particular, one can restrict to those / supported on 
then one has 

fr(i?(/) oii(a;))|^((^i) 9 ) =0 

for all g G G{Af)/G\^. We can view /(vr^) as a representation of R{G\^) x Y(n)/a{S(j,) and write it as 
TT^ (g) W, then 

tr{R{f) o i2(a;)) 1/(^1) = tr-K^if) ■ tr-Kly{uj) = 0, 
where vr^ is the corresponding representation of Y{tt)/ a{S^) on W. Therefore, 

tr-K]^{uj) = 0 

for 1 7 ^ a; G y(7f)/a(5,^). We claim 

(5.20) \Y{tt)/ a{S^)\ divides dim(IT). 

If that is the case, by noticing m(7f) = dim(lT) and comparing with (|5.18p one must have 


\Y {tt) / a{S^)\ =dim(IT), 

hence m( 7 f) = |y( 7 f)/a( 50 )|. 

To prove the claim (I5.20p . one just needs to show the following general statement. Suppose y is a 
finite dimensional representation over the complex numbers of a finite group A such that the trace of each 
nontrivial element of A is zero, then the order of A must divide the dimension of V. To see this, let xv 
and Xtriv be the characters of V and the trivial representation of A respectively, then the multiplicity of 
the trivial representation in V can be given by 


"1 = (xu, Xtriv) = dim(y)/|^|, 
which is an integer. Hence |H| divides dim(y). 

For the case vr = 7 r®° and = 1, the proof is the same. So we are left with the case vr = and 
m 0 = 2. In this case, we have = vf (g) w for some uj € X. Let 

Xo(7r) = {u; e X : TT = TT igi u; or 7 f®° = ff ® a;}. 

If if (g) a; ^ 7 f®° for any w G T, then 


E 


m(7r (g) uj) 


ujex/r Xo(ii-) 

and the rest of the proof is again the same. If vf (g) cui = 
action of the two-group 


7 f^° for some oji G T, we need to consider the 


(5.21) <{eo,oJi)>x{Y{^)/a{S^)) 

on /(if), where (0o, wi) acts by R{6q)~^oR{ijJi). It commutes with the action of (0O) <^i)-invariant functions 
in /^(G^^), i.e. (g)a;i = /. And as a module of such space of functions, we have 

/(») = ( © AVlF))©! © HY-)’)) 

geG{Ap)/Gi^ geGiAp)/Gl^ 
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where the sign is according to the eigenvalues {± 1 } of any fixed intertwining operator between tt 0 wi 
and 71®° after we identify /(fr) = m( 7 r) it. Note that the multiplicity of it is the same as that of irreducible 
modules in and /(vri) of the subspace of functions described above, and then the rest of the 

argument proceeds in the same way as before by using the stabilized (0, w)-twisted trace formula ()5.14p 
for ( 6 * 0 , w) in (I5.21|] . 


□ 


Corollary 5.9. Suppose n and it' are discrete automorphic representations of G, such that it = it' (8* a; 
as Ti.{G)-modules for some to G X. If n is an irreducible constituent in the restriction of tt to G{Af) and 
[tt] G for cj) G ^ 2 ( 0 ), then there exists some u' and 0 G Sq such that it' = it® (g) to'. 

Proof. If G = GSp{2n) or GSO{2n,r]), this can be seen easily by comparing (|5.16l) with (IS.lSp . In 

general, we can first go to the product group G of general symplectic groups and connected general even 
orthogonal groups (see (12.4h ). and it is clear this corollary holds in that case. Then by restricting to G 
we get the result. □ 

To generalize Proposition 15.81 for [tt] G II^ with cj) G $ 2 (G), we denote by So(vr, Y) the subgroup of So 
consisting of 9 such that ir (g) a; = it® for some to ^Y, where it is an irreducible admissible representation 
of G{Af) containing vr in its restriction to G{Af). If we write Sy(7r) for the quotient of So by So(7r, T), 
then we have an exact sequence 

(5.22) 1->■ So(vr, Y) - Sq -!■ Sy (tt) -^ 1 , 


where all these groups are two-groups. We can also choose a splitting of this sequence and write Sq = 
So(7r,y) X Sy(7r). 

Corollary 5.10. Suppose tt is a discrete automorphic representation of G, and tt is an irreducible con¬ 
stituent of TT restricted to G{Af). If [vr] G for (j) G $ 2 (G), then 

\Y{f)\ 


(5.23) 

where = mj^/jSy (7r)|. 

Proof. We will use the formula ()5.17p 


m(it) = m^- 


m(it) = 


a(‘5<>)r 


EM, 


It follows from Corollary 15.91 that 

m(it) = m(it®). 

OGTiy (tt) 

Since m(it®) = m(it) for 6 G Sq, then we get 

|F(7t)| 


|Sy(7r)| • m(7t) = m^- 


a 


( 50)1 


So by writing = m 0 /|Sy( 7 r)|, we have proved the formula (15.231) . 


□ 


Suppose (j) G 4>2(G), let C be a character of Zq{Af)/Zq{F) such that ( = C\zq is the central character of 
n^. If we denote by ^ all equivalence classes of irreducible admissible representations of G{Af) as'H{G)- 
modules with central character (^, whose restriction to G{Af) have irreducible constituents contained in 
n^, then by Corollary 15.61 we can always choose a representative for [it] G with < -,71 >= 1 in 

the discrete spectrum of G. The following proposition gives a decomposition of the (/>-component of the 
discrete spectrum of G. 
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Proposition 5.11. Suppose 4> G $ 2 (G), we have the following decomposition as 'H{G)-modules 
(5.24) = m^ Y1 ^ 


ujeY/a(s^) [s-]gn^-/x 
<',7r> = l 


where vr are taken to he the representatives ofH 


^ in the discrete automorphic spectrum. Moreover, 


lI,,^4G{f)\g{Af),o = o 


for (p G 4>(G) — 4>2(G). 


Proof. For cp G $(G) — $ 2 (G), we have ^{G{F)\G{Af)) = 0 (cf. Theorem I3.13p . Then it follows 
from Lemma [52] and Lemma lOl that L'^-g^ ^{G{F)\G{Af),C) = 0. Next we assume (p G $ 2 (G). By 
Lemma [5.31 L‘^.g^^{G{F)\G{AF),C) consists of discrete automorphic representations in Then for 

any automorphic representation tt' in L‘^-g^^{G{F)\G{AF),C), there exists a representative tt chosen in 
(I5.24P such that tt = tt' (g) w as 'H(G)-modules for some uj £ X. By Corollary 15.91 tt' = (g u' for 0 G Sq 
and uj' G Y. In particular, tt' = it (g cj' as ^(G)-modules. Therefore, it suffices to count the multiplicity 
of TT as ^(G)-modules in L‘^-g^^{G{F)\G{AF),C)- By Corollary 15.91 again. 

^ m(ir') = = \Y0:\-\^Y{'^)\-m{iT), 

7r'~7r 6»GSo,(.LiGy(7r) 


where it' = it as ^(G)-modules and 

y(it) = 

By Corollarv l5.ini we have 


so 


{oj £Y ■. f ®oj = tt as ^(G)-modules}. 


|Sy(7r)| • m(7r) 


a{S4>)\ 


Y 1 

Tr'rx./Tf 


\y{^ 


This is exactly the multiplicity we get from (|5.24|] . 


□ 


Now let us get back to the multiplicity formula. Note under the assumption of Proposition 15.81 if G is 
general symplectic, then the multiplicity formula (I5.16p becomes 


m(7t) 




It is an interesting question to ask when one can have multiplicity one, i.e. |T(7r)| = |a(50)|. Since a{S^) 
is a subgroup of Y (tt), it is the same to ask when 


a{S^) = y(7f). 

By Corollary 14.21 we have the following description for Y (vr). Let us define 

aut 

:= {w G y :ujy£ a{S^J for all u}, 

V 

aut 

a{S^^) := {w G y : U!v £ a{S^^) for almost allu}, 

almost all v 
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then 

aut 

V 

Moreover, we get a sequence of inclusions 

aut aut 

V almost all v 

Motivated by the case that G is symplectic and (j) G $ 2 (G), we give the following definition for both 
symplectic groups and special even orthogonal groups. 

Definition 5.12. Suppose € ^(G), we say multiplicity one holds for if 

aut 

V 

Definition 5.13. Suppose cj) G ^(G), we say strong mnltiplicity one holds for if 

aut aut 

V almost all v 

The motivation for the first definition is now clear, while the second definition needs some explanation. 
But before giving the explanation, we want to give two modified definitions of the same kind. In view of 
Theorem 13.131 we need to deal with the group of characters ojy such that 

fvi^v ® ^v) - fv € UiGifij 

for [tt^] G It follows from Corollary 14.21 that this group is isomorphic to a{S^°). Then we can 

similarly define a sequence of inclusions 

aut aut 

a(Sj”)£n“('Sj.")S n “(•Sf:). 

V almost all v 

and define the concepts of multiplicity one and strong multiplicity one in the same way regarding these 
groups. 

Definition 5.14. Suppose G ^(G), we say So-multiplicity one holds for (j) if 

aut 

a('S?)=n“(C)- 

V 

Definition 5.15. Suppose G ^(G), we say So-strong multiplicity one holds for if 

aut aut 

n“(0= n “(•«?:)■ 

V almost all V 

Recall that we can associate a global L-packet 11,^ to ^ G '3’(G), so we can talk about strong multiplicity 
one for the global L-packet n^, i.e. if vr is automorphic, and [vr.,;] G 11^^ for almost all places v, then [vr] 
lies in As in the local case (see Theorem 14.bp . we can expect to lift the global L-packet II^ to some 
global L-packet for G. Obviously the lift is not unique, but as one can see from Corollarv l5.9l it should 
be unique up to twisting by idele class characters. Because we already have strong multiplicity one for 
n^, so strong multiplicity one for is equivalent to the property that for any a; in T if 
for almost all places v, then B^ = B^ (8) w. And it can be easily seen that this property is equivalent to 
the condition of Sg-strong multiplicity one in our definition. 
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5.3. Statement of global theorem. After discussing the multiplicity question, we want to describe the 
0-component of the discrete spectrum for G, which should be an analogue of Theorem 13.131 We again 
assume G is of type (12.2p . 

Conjecture 5.16. (1) Suppose 0 G one can associate a global packet of'H{G)-modules of 

irreducible admissible representations for G{Kp) satisfying the following properties: 

(a) = where 11^ is some lift of 11^^ defined in Theorem \4.(^ 

(b) there exists [tt] G sueh that that fr is isomorphic to an automorphic representation as 
^{{G)-modules. 

Moreover, is unique up to twisting by characters of G{Af)/G{F)G{Af). And we can define a 
global character of by 

< x,7r >:= > for tt G and x G S^. 

V 

Suppose 0 G $ 2 (G), the cf-component of the discrete spectrum of G{Af) as 'H{G)-module has a 
decomposition. 

Ll,,^4G{F)\G{AF)X) = m^ 0 0 T, 

u)CiY/a(Sf) 

<',7f> = l 

where m,p is defined as in Remark \3. 14\ 

Along with this conjecture, we need to prove some results about the stable multiplicity formula for G 
(see Conjecture II.51) . This formula has been conjectured by Arthur [ArtQO] for any quasisplit connected 
reductive groups, and he also proved this for special orthogonal group and symplectic group in [Art 13] . 
To state the formula, we need some preparations. Suppose 5 is a connected complex reductive group 
with an automorphism 9, we denote S^ = S 6, which can be viewed as a connected component of the 
complex reductive group 5'+ := S'x < 9 >. We fix a maximal torus T of S, and define the Weyl set 

W^{S) = Norm(T,5^)/T. 

Let W^{S)reg be the set of Weyl elements w such that 

det{w — l)|aT / 0. 

Moreover, let s^{w) denote the sign (—1)"', where n is the number of positive roots of {S,T) mapped by 
w to negative roots. Now we can assign to S^ a real number 

i\S) = I W(S)ri s°(u;)| det(u; - l)|-\ 

w&WS^^(S) 

where W{S) is the Weyl group of S. Next we want to define a constant ct(5i) associated with any 
connected complex reductive group Si. To define this we have to introduce some more notations. Still 
for the original S^, let us denote the set of semisimple elements of S^ by S^g. And for any s G Sgg, we 
write 

5, = Cent (s, 5). 

Let 

and £^ii{S) be the S-conjugacy classes in S^^. Finally the constant (t(5i) can be characterized by the 
following proposition ( [Art 13] . Proposition 4.1.1). 

Proposition 5.17. There are unique constants cr{Si) defined for all conneeted complex reductive groups 
Si, such that for any connected component S^ of a complex reductive group, the following number 

ko(*S'5)rV((5^)°) 


( 2 ) 

(5.25) 
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equals i^{S), and furthermore 

a{Si) = a{Si/Zi)\Z^\-\ 

for any central subgroup Z\ of Si. 

Now we can state the stable multiplicity formula for G as follows. 

Conjecture 5.18. Suppose (p G then 

(5-26) 5’Lc,?i(/) = f e'H{G,x), 

oj£Y/a[S^) 

where 

f^{4> (g) cj) := f^{<j)^ (g) cj^), 

V 

with respect to defined in Conjecture \5.16l 

Finally, we need a twisted version of the decomposition (|5.25p . whose role will be clear in the next 
section. 

Conjecture 5.19. Suppose p G ^ 2 (G) and x £ with a{x) = to for 6* G So some character u of 
G{Ap)/G{F)G{Kp). For [tt] G with < ■,Tt >= 1, the canonical intertwining operator 

R{e)-^oR{u) 

restricted to the tt -isotypic component I{tt) in the discrete spectrum is equal to the product o/m(7r) and 
the local intertwining operators Aji^{9,0Jv) normalized by x^ (see (14.3p ). i.e. 

(5-27) = ^ fcei^,^), fe'HiG,x), 

uj'£Y/a{S^) 

<',7r> = l 

where fQg{Tt,uj) = Y\y f^ei^v^i-^v), and it does not depend on x. 

Remark 5.20. This kind of result has been proved in the cases of special even orthogonal groups (see 
[Artl3| . Theorem 4.2.2) and general linear groups (see [Art 13] . Lemma 4.2.3). 

In this paper, we will only establish these conjectures in a special case. 


Theorem 5.21. Suppose G = Gi x G 2 x ■ ■ ■ x Gq, such that Gi is a symplectic group or a special even 
orthogonal group. For p = pi x (p 2 x ^ f>q £ ^(G) with pi £ $(Gi), if S^, = 1 for all i, then 
Coniecture \5. lb\ \5.RA hold. If we further assume p £ ^ 2 (G), then Coniecture \5. 18\ also holds. 

5.4. Comparison of trace formulas. We assume G is of type 12.21 and 6 £ Eg. Since we are going 
to prove all the theorems by induction, here we would like to take a temporary induction assumption: 
we assume Conjecture 15.161 15.181 15.191 together with our main local theorem (Theorem 14.6p hold for 
the proper Levi subgroups and twisted endoscopic groups of G. Based on this assumption, we want to 
expand the (/)-component of (15.4j) and (15.5j) in terms of local objects. Before we do the expansion, let us 
write 4>(G, 0) for the set of global Langlands parameters of G giving rise to p £ ^(G). It is clear that 
|<k(G,(/))| = mfp. So we can write formally those formulas (I5.25j) . (|5.26p and (|5.27p for pc £ ^{G,p) by 
simply setting = 1. In fact these formal formulas do make sense when we associate to pc the refined 
global L-packet (see [Art 13] . Section 8.4). But we do not need this refinement here, for eventually we 
are going to sum over 4>(G, 0). The benefit of working with these global Langlands parameters is one 
can imitate the computation in ( [Art 90] . Section 5 and 7), where one does assume the global Langlands 
correspondence. 
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5.4.1. The spectral expansion. Let us write the (/)-component of (15.4p as 


^ ^ I det(u; - l)^g. I Hr{Mp^gp^^{w,x)lf'XxJ))- 

{M} w€W0{M)reg 

So the key is to expand 

(5-28) tr{Mp^gp^^{w, x)Ip‘^^ix, /)) 

By definition, (j5.28p does not vanish only if there exists (j)M £ Moreover, the {G{F) x Sq)- 

conjugacy class of M such that '^) / 0 is determined by </>, and the choice of (pc £ 

determines the G(F)-conjugacy class of M such that "^g) 7^ 0- So we can fix such a G{F)- 

conjugacy class of M and assume pM £ ^2{M,4>)- To apply our induction assumption we also need to 
assume M ^ G, i.e., (p ^ l> 2 (G). 

Note the diagram (I4.12jl in our discussion of the local (0, a;)-twisted intertwining relation can be de¬ 
fined in the global case, and the global analogue of those groups in the diagram will map to their local 
counterparts. It is not hard to show, using a similar argument in Proposition 15.81 that (I5.28p vanishes 
unless there exists u G such that Wu = w and w = a{xu)- So pM £ ^ 2 (Tf®“). Now we can apply 
Conjecture 15.161 to pM- For any [ttm] £ let us define 

^p^QpiF: 1 P) ■ Fp^^Qp^ {Uy, HMv ) Pv)- 

V 


In particular, if ttm £ -^ 2 {M), we can write 

Rp\0p{w,TtM,P) ■= rp{w,pM)~^Mp^gp{w,7TM), 

where rp{w, Pm) is the global normalizing factor defined by 

rp{w,pM) = Y\_rp{wy,pMj- 

V 

It follows from Conjecture 15.191 and analogous result for GL{N) (cf. Remark 15.20p that 

Fp\^0piF 1 1 P) Fp^Qpi^i ) $) 

for any u G w). Here consists of n G DT® such that Wy = w and a{xu) = oj. Applying 

Conjecture [5H6] (2) to M, we can write (15.281) as a double sum over pc G ‘hpC, p) and pM £ 4>2(M®“, pc) 
of 

tO,u) r 2L ^ . —1 


E E S^^{TTM)rp{w,pM)tr{Rp^gp{u,TTM,P)Ip^{TTM ^/)), 

uj'eY/a(S.p^) 


where 




Moreover, we can write 


^ ^ ^ ^ Rp\^QpiF';DA 1 P) ^ ^ Rp\^Qpir 1 DDM•! P) • 


x£S 


‘Dm 


If we switch the sum over ttm G FI^^ (g) w' with u G and define 

f^g{p^Ca',u) = ^ tr{Rp^gp{u,TTM,P)Ip‘^{TDM ^U}~^,f)), 
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then (15.281) becomes a double sum over cjic £ 4>) and (pM £ ,4>g) of 

(5.29) rp{w,(pM)fGe{^^(^',u). 


u;'€Y/a{S^ ) 


u&W^(w,u>) 


Since we are taking / G Ti{G,x), the contributions of 4>g £ ^ 2 {G,(j)) to the ^-component of ()5.4I) are the 
same. So the ^-component of (15.41) can be written as a sum over w £ W^{M)reg and cpM £ c^g) 

of ^ 

M 

multiplied with (|5.29p . Here we can identify W{M) with W{M), and it is easy to see 

\det{w — 1 ) ge I = \det{w — 1) a^\- 

°-M “Af 

Next we want to switch the order of the double sum over w £ {M)reg and 4>m £ ^ 2 {M^^,(j)G) to a 
double sum over (I)m £ <h 2 (Af, (/>g) and w £ where = W^{M)reg H W^. Since the nonzero 

contribution of each cjiM £ 4>2(M, (/iq) is the same and 

,MM, 

then we get a single sum over w £ of 

m^\W^\-^\S^J-^\det{w - 

multiplied with 

E E i-p (W') /ge (<^ ® w', u). 

u)'&/a(S^u&}X^^('w,ijj) 

Note the double sum over w £ and u £ oj) can be rearranged as a double sum over x £ 5®(w) 

and u £ 9T0 ,,g^(x), where 

= {x £ 5^ : a{x) = w}, 

and 

^lreg(a^) = {« £ 91^ : = X, 

So we end up with a sum over x £ S^{uj) of 

multiplied with 

(5.30) E E \det{wu - l)^Ge| ^rp{wu,4>M)fGe{^'^^',u). 

If we write 

= Tp^UJuAm), 

and define s^{wu) to be (—I)"", where n is the number of positive roots of {S^,T(t>) mapped to negative 
roots by Wu, then by Arthur’s sign lemma l |Artl3j . Lemma 4.3.1) we have 

r^iwu) = sliwu). 

Moreover, by our comments after Lemma SHOI f^g{(f>'S)Uj',u) only depends on the image of u in S^, so 
we can write 

fQgA®Ul',u) = fQg{(j)®Ul',x) 

Therefore, the term (j5.30p becomes 

Y ( X] sl{wu)\det{wu-l)^Go\~^)fGBA^‘^',x)- 

^'GY/a{S^^) u(^<nA^^ix) 
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For u' E a{S(i,), 11^ (g) w' = II^ and 

^^^ZpG{F)^& (<^ ® W , x) = /qb {(f>, x) = {f\zpG[F)^& 
where / is the restriction of / to G{F). So we get for w' E a(5<^) 

fQe{^®oj\x) = fQe{^,x). 

Therefore we only need to take the sum over uj' /a{S^) in (|5.30p , and then multiply by \a{S^)/a{S ^^)|. 
Since 

M5*)/a(5*„)| = {|^ . 154 , 
l‘^0l P<AmI 

the resulting constant multiple is times 

= i 9 i*r'||i| 

Let 

and we define 

4(^) = 1 ^ 0 !“^ ^ sl{w)\det{w - l)^a6 

where bF^reg(^) image of ™ ^^reg- Hence we have shown the following lemma. 

Lemma 5.22. Suppose (j) E $(G) — i> 2 (G); 0 ^Tjq and a; E T, then 

(5-31) ^dfscH^f) = Y f^'H{G,x)- 

u)'GY/a(S^) x£S^{uj) 

5.4.2. The endoseopic expansion. Parallel to this (0, a;)-twisted spectral expansion ()5.3ip . we will proceed 
to expand the ^-component of (|5.5I1 . Note that \i 6 = id,u = 1, we can only expand the right hand side 
of 

i%scAf) - siscM) = Y g')5L,4F) 

G'eEM{G)-{G} 

based on our temporary induction assumption. By Corollarv l2.6l we know Ker^lT. Z(G)) = Ker^(T, Z(G')) 
1, so the formula (15.3p applied to l{G, G') can be simplified as 

(5.32) i{G,G') = \Z{G'f\-^\OntQ{G')\-^\Tro{KQg)\-^ 

where 

Z{G'f = Z{G'f Z{Gf /Z{Gf, 

and 

Outg(G') = Autg(G')/G'Z(G)^. 












54 


BIN XU 


Note that |7ro(«^ge)| = 1 here, and this formula (15.321) is given in f [Art90| . Lemma 3.2). By applying 
Conjecture 15.181 to G', we get 

sSscAf')= E f'en{G',x') 

uj'eY'/aG'iS^,) 

for (j)' G ‘h(G'). By Lemma 15.71 the (/>-component of (j5.5p is summed over (f>Q G ^{G,(j)) and 

{{G',4>') : G' G Sm{G\u) and G ^G'Ac)] 

of distributions Again because we are taking / G TL{G,x)^ the contributions of 4>g € ^{G,4>) 

to the (/)-component of (15.511 are the same. If we fix a parameter <j)G G ‘h(G', 0), then the first sum collapses 
to be a constant multiple 

l^(G'»l = rn^- 

Now let us fix (j)G := as a homomorphism from to ^G, instead of a G-conjugacy class, and let 
= Cent(Im())G,G xi 6)/Z{G)^. We observe (G',(/>') will correspond to {4>g,s) for s G (cj), where 

by taking suitable G-conjugation, and s is determined up to 5<^-conjugation. Let us use the convention 
to denote the conjugacy class of Scp in S^^^(co) by 

Then this correspondence gives us a map 

{(G',c/>') : G' G £eH(G^,A and c/>' G ^(G',^g)} 

The point is the contribution of {G',4>') only depends on its image under this map, so we want to write 
the double sum over {G',4>') as a single sum over the image. To characterize the image, it is equivalent 
to find s G 5® gg{uj) with {G'g, cp') —> (cpc, s) such that G'g is elliptic. If we define 

SUi = {se Sl,ss ■■ \Z{Slg)\ < oo} 

= {^ € < oo}, 

then for s G h is easy to see that G' is elliptic. The converse is not true, but the contribution 

from pairs {G'g,(p') with s ^ is zero by the stable multiplicity formula (I5.26p . In fact 

5 °, = {A,sfZ{GA/Z{3A 

and cr(5'9,) = 0 unless |Z(S9/)| < oo. If we write 


and 


Q/0 


S(i>,eU - {1} ifO = id 
Si,ell otherwise 


S'^,ellA) 


Sp>,eii - { 1 } '^^0 = id,u: = l 
Sl,eiiA) Otherwise 


then the effective image of this map should be SAS'^giiA)- The next problem is to count the fibre of 
this map. Since G' is taken to be the isomorphism class of endoscopic data, the fibre containing {G',(p') 
must have the endoscopic datum isomorphic to G', and hence can be obtained by the action of AutG(G'). 
Moreover, cp' is taken to be G'-conjugacy classes, so the fibre should be isomorphic to 


AutG(GO/50,JntG(G') ^ OutG(G')/(S^,JntG(G0/IntG(G0), 










L-PACKETS OF QUASISPLIT GSp(2n} AND GO(2n) 


55 


where IntG'(G') = G'Z{G)^ and is the preimage of in S^. Moreover let us write 

5^,JntG(G')/IntG(G0 ^ S^^g/S^^g n G'Z{Gf 

So we can turn the (/)-component of (I5.5p into a sum over s G S(j)\S'^^ii{uj), but multiplied with the size 
of each fibre 

|OutG(G')||5<A,./5<A,. n d'z{Gf\-\ 

In fact, it is more convenient to sum over the conjugacy classes in by the group 5?. So let us 

define 

cfO _ c0\ 

then changing to sum over amounts to multiplying by 

\~sl/slg\\s,/s,A-^ = \s,,g/slJ,^^^^ 

Finally, we get a sum over s G of the product of the following three terms 

|Outg(G')|-'|OutG(G')|, 

and 

where {G',4)') {(j)G,s). Note that 


1-> D ->■ Autg(G')->■ AutG(G')->■ 1. 


|Outg(G')|-'|OutG(G')| = |IntG(G')/(Intg(G')/ 5 )| 

= \G'Z{Gf /{G'Z{Gf /D)\-^ 

= \Z{Gf /Z{Gf n G'{Z{Gf /D)\-^ 

= \Z{Gf/{G' n Z{Gf){Z{Gf /D)\~\ 


Moreover, we have ^ ^ and S'? = 5^, so we can rewrite the expansion of (/(-component of (15.51) as 

a sum over s G of the product of the following two terms 

(5.33) \s^,s/s^,g n a'z(G)^rv,^(r^iz(G')^r'is,^../s^,,iiT(4) 


and 

(5.34) 

Y rn^\Sci,\~^ 
a;'eyV«°'(V) 


1 - 1 | 


\Z{G'f\\Z{G'f\-^\Z{Gf/{G'r^Z{Gf){Z{Gf/D)\-^f{4>'®i^') 


As one can see, (|5.33p is only relevant to G, and it can be simplified as in f |Artl3| . Section 4.4). So we 
will just repeat the simplification there. First we note that 

= |vro(S,^OI = |S,^,.nGV(S^,,)°Z(G')^|, 

where G' denotes the quotient G'Z(G)'"/Z(G)'". Consequently, 

\S^,g/S^,gr^G'Z{Gf\-^\S^,\-^ 










56 


BIN XU 


=\s^,s/s^,s n G'\-" 14. n gV(4.)°z(g')^' 
=I4./(4.)°z(g')^|-'. 

The product of the first four factors of (|5.33p therefore equals 

\S^,s/SlJ{Gr\-^ • |44(G')4(4.)° z{G'f\-^ • \z{G'f\-^ • 


=\sij{Gr/sij • • \sis n {s^,srz{Gr/is^,sr \• i^(g') 


0 




=|7ro(5^,J|-^ • \z{Gy /Si, n Z{G'Y \ • |5^,, n z{G'y /{S^,sf n Z(G')' I • \Z{G') 

=\Msis)\-^-m,sf^z{G'f\-^. 

Furthermore, we can write 

a(4)=a((4.)V(4.)On4G0^) 
=a((4.)0)|(4,)0nZ(G')''|. 

Hence the first term (j5.33p is equal to 

ko(4^)rv((4s)°)- 

For the second term (15.341) . let us denote 

P'icj)' ®J) = f~g{4>®u}',s), f eUiG^x). 

Also notice |a‘^^(4)l = I4'/4'I ~ 4’ write it 


^/\ri-i 


as 


4|a(5^)|-V^'(4)||Z(G0^||Z(G0'^|-i|^(G)V(G'nZ(G)r)(^(G)r/4|-i/^ 




In view of (I5.31F we need to turn this into a sum over Y/a{S^) instead of Y'/a^'{S^i). To do so we need 
the following two lemmas. 

Lemma 5.23. Suppose c/y G ® semisimple element of S^^ with {G'^,(j)'^) {(j)y,Sy). 

If we assume the main local theorem \f.(^ for the lift cf'^ of cf'y, then for any u'y G a{S^yj we have 

fUei^V ^ UjI Sy) = f~e{ 4 >V,Sy), fy G 'H{Gy,Xy). 


Proof. Since f~g{4>y,Sy) only depends on the image of Sy in (see Lemma [4.IIP , according to the 
formula ()3.1I1 of 5^^, we can assume Sy commutes with some ty G such that a(t.i;) = 4- Note that 
ty G Autc^iGy)/Z{Gy)^'". If ty G liit Q ^ (Gy)/Z(Gy)^, theu it is easy to see Uy G so there 

is nothing to prove. If ty ^ lntG^{Gy)/Z{Gy)^^, we denote the inducing automorphism of Gy by O', 
and it can be extended to G'y. Then it follows from Corollary 14.21 that H^, = H^, ® uj'y. Since 4“ is 

Outg^(4)-invariant, we have fv'’(f'y) = fv''{{4>'y)^') = fv® oj'y). □ 

Since Z^(Kf) = Aq(Af) ■ Zg(Kf), we can identify Y with the quotient 

KQr{H^(WF,D) ^ H^(Wf,A^)} 

Ker{H'i(ITF,i3) ^Hom(G(AF)/G(F),Cx)}’ 
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where the involved homomorphisms are from the following diagram 


- >H\WF,Ag) 

Bom{D{AF)/D{F),C^) -^ Hom(G(AF)/G(F),C'')-> Hom(Ag(AF)Mg(F)). 

In the same way, we can identify Y' with 

Kej:{H^{WF,D) ^ H^{Wf,Aq,)} 

KeT{m{WF,D) Hom(G'(Ai.)/G'(F),Cx)}' 

Note that A^ = A^, under the inclusion of = {Z^)^ to and also we have 


H\Wf,D) - >H^{Wf,Z{G)) - >H\Wf,Aq) 

H^iWF, D) -> H\Wf, Z{G')) -> H^{Wf, %). 


So KeT{H^{WF,D) —^ H^{Wf,Aq)} = Kei{H^{WF,D) —)■ H^{Wf,A^,)}, and we can first sum over 
this group. Then the rest is to determine the quotient 

\Kei{H^{WF,D) Hom(G^(Ajr)/(5^(F),C^)}| 

|Ker{iI'i(ITF,i5) ^Hom(G(A^)/G(F),Cx)}| ' 


Lemma 5.24. 

\Z{G'f\\Z{G'f\-^\Z{Gf/{G' n Z{Gf){Z{Gf/D)\-^ 
\Ker{H\WF,D) ^ Hom{G'{A f)/G'{F),C^)}\ 
\Ker{m{WF,D) ^ Hom{G{AF)/G{F),C'^)}\ ' 

Proof. From the proof of Lemma 12.111 we see 

KeT{H\WF,D) }lom{G’{AF)/G’{F),C^)} ^ Z{G’f /{ZiG'f /£>), 


and ^ 

KeT{H\WF,D) }iom{G{AF)/G{F),C^)} ^ Z{Gf /{Z{Gf /D). 
Therefore it is enough to show 


(5.35) \Z{G'f\\Z(G'f\-^\Z(Gf/{G' n Z{Gf){Z{Gf/D)\-^ 

We start by considering the following exact sequence 


\ZiGr/{Z{G'f/D)\ 

\ZiG)^/iZiG)^/D)\ 


i^(d'n z{df)/{G' n iz(Gf/D)) z{Gf/{z{Gf /d) 


Z{Gf /{G' n Z{Gf){Z{Gf /D) 


1 . 


It follows 


\Z{Gf/{G'nZ{Gf){Z{Gf/D)\-^ 


\{G'nz{df)/{d'n{z{Gf/D))\ 

\Z{Gf/{Z{dr/D)\ 


(G' n Z(G)^)/(G' n {Z{Gf/D)) = iZ{G'f n Z{Gf)/{{Z{G') n Z{Gf)/D), 


If we write 
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then 

\G' n Z{Gf/G' n {Z{Gf /D)\\Z{G'f\\Z{G'f\-^ 
= \Z{G'f/{{Z{3) n Z(Bf )/D)\\Z(3f\-^ 

= \Z{d')/{Z{3f/D)\. 

Hence (|5.35p holds. 


□ 


As a consequence of Lemma 15.231 and Lemma 15.241 we can sum over Y/a{S^) for (15.341) and get 

oj'£Y/a{S^) 

To sum up, we have shown the i;A-component of (j5.5p has an expansion 

uj'eY/a{S^) 

= E E \MSl,s)\~^(^iiS^,sf)f~g{^®u;',s). 

u}'eY/a{S^) 

Finally by the same argument as in the proof of Lemma 14.111 there exists a family of global lifts H^, for 
all s € 5® with image x in 5®, such that the distribution /~g((^ ® io', s) are the same. So we can write 

Moreover, we can split the sum over s G ^ double sum over x G S^{uj) and s G S'^^gnix), 

where S'^^nix) is the subset of that mapped to x. If we define 

then we get the following lemma. 

Lemma 5.25. Suppose </> G '^(G'), 0 G Sq <ind to gY. If 9 = id,uj = 1 then 
(5-36) Idisc,<pU^-S%scM) = C^ E E 

uj'&Y/a{S^) xeS^ 

Otherwise, 

(5-37) IdfsYif) = C^ E E 

u}'eY/a{S,l,) x&S^{uj) 

Corollary 5.26. Suppose cf G $(G) and = 1, then the distribution . 

Proof. Since 5^ = 1, it follows from (15.3611 that 

liscM) = sLm) + E ® !)• 

uj'eY/a{S,^) 

Note that 1) is defined by inducing global L-packets of Levi subgroups of G, and hence is stable. 

Therefore ^(/) is stable. 

□ 
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Later on, we will compare the formulas in Lemma 15.221 and Lemma 15.251 Note it follows from Propo¬ 
sition ETT] that for X G 5®, 

0 if X / 1, 


i«(x)-e;^(x) = 


if X = 1. 


6. Refined L-packet 


6.1. Beginning of proofs. In the following sections, we are going to prove the main local theorem 
(Theorem [L6]) along with the global theorem (Theorem I5.2ip . First we need to impose our induction 
assumptions. It consists of a local part and a global part. Let F be either local or global. We denote 

G{n) := Sp{2n), SO{2n + 2, rj), 

G{n) := GSp{2n), GSO{2n + 2,7]). 

Let 

G = G{ni) X G(n2) x ••• x G(n,) 

and G be the corresponding similitude group (see (j2.2[) i. then our induction assumptions can be stated 
as follows. _ 

Local Induction Assumption: The main local theorem (Theorem 14. 61) holds for G, when rii < N 
for all 1 ^ i ^ g. 

Global Induction Assumption: The global theorem (Theorem l5.2ip hold for G, when Yli=i 


Remark 6.1. When G = GSp{2N), these assumptions imply all the local and global theorems hold for the 
Levi subgroups and twisted endoscopic groups of G. But this is not true when G = GSO{2N + 2, rf) for it 
can have twisted endoscopic group of the form G{Sp{2Ni) x Sp{2N2)) with N = Ni+ N 2 and Ni,N 2 ^ 0. 
To fix this, we will first prove the local and global theorems for G based on our induction assumption, 
when G does not contain any factor of SO{2N + 2,r]). Then we can add those results to our induction 
assumptions and repeat the same arguments to prove the rest of the cases. 

We will first establish the main local theorem (Theorem l4.6h for G = G{N), which is the most important 
case. In view of Remark 14.71 we can further assume F is nonarchimedean. Under our local induction 
assumption, we can prove a lot of cases of the main local theorem. The precise statement is formulated 
in the following lemma. 


Lemma 6.2. Suppose (j) G ^bdd{G) — ^ 2 {G), then one can assign an L-packet for any lift f such that 
it satisfies (1) and (2) of the main local theorem (Theorem \4.6\ ). Furthermore, the {9, uj)-twisted character 
relation holds for 0 G So and semisimple s ^ such that =00. 


Proof. Suppose (f G ^bdd{G) — ^2iG), then (p factors through pM £ 4>2(M) for some proper Levi subgroup 
M of G. Since 

M + G{m) xYlGLim) 

i 

with m < A, by our local induction assumption we can define a refined L-packet 11^^^^ associated to 4>m- 
Then we can take local packet II^ for p to be the irreducible constituents of those induced from R^^- 
Because is also obtained by induction from we can easily see that will satisfy (I) and (2) 

of the main local theorem. For the (0, w)-twisted character relation (|4.2I) . it will follow from the usual 
descent argument. For [G', f) {p, s), let be a maximal torus of which is nontrivial by our 

assumption that \S^ g\ = 00 . Then M' = Ceni{T,f)^g,G') defines a proper Levi subgroup of G' such that 
p' factors through p'j^ G $2(^1'). Moreover, M' G £eii{M^) for a proper 0-stable Levi subgroup M of G, 
which is determined by M = Cent(r0_s, G). So 

f'[P') = f^'{P'M)= ^ f^g{+M,uj)= 












where oj = a(s). 


□ 


Remark 6.3. We have not shown the uniqueness of 11^ here. In fact that will follow from the character 
relation (see Theorem 16. 21|) . 


The key issue in proving the main local theorem is to find a candidate for the stable distribution 
associated with any lift (/> of (/> G ^bdd{G). As one can see from Lemma 16.21 the critical case is when 
4> € 'i> 2 (G). The way to find such a distribution is to lift ^ to a global parameter (p and use the global 

stable distribution 5^' ■, in the stabilized trace formula. Under some assumptions on this lifted global 

disc,(p 

parameter cp, we can obtain the local stable distribution associated with cp using an argument based 
on stability (cf. Corollary 14.81) . Let us write S^o for the set of archimedean places of a global field 
F, and Soo{u) = Soo U {u} for any nonarchimedean place u. Suppose F = Fu and Gu = G. Let 
A = Hom(5(A^)/Zg(A^)G(Ap),CX). 


Theorem 6.4. For (p G <I> 2 (G), suppose (p G 4>2(G) is a global lift of (p with cpu = (p CLud it also satisfies 
the following additional conditions: 

(1) <py e ^unitiGv) - ^eii{Gv) for all V ^ 5oo(u); 

( 2 ) S. = 1 ; 

(3) TjQ-strong multiplicity one holds for p. 


Then one can assign an L-packet 11^ to any lift p of p satisfying (1) and (2) of the main local theorem 
(Theorem 4 . 6 ). 


Proof. In view of Lemma [6. 2 1 the first condition of our global lift p just means that the main local theorem 

(except for the ( 00 , w)-twisted character relation in the even orthogonal case) holds for all p.^ (v / u). 
The second condition means that 




for / G ^(G, x), which follows from Corollary 15.261 and the fact that p G <I> 2 (G) (cf. (j5.15j) ). It follows 
from Proposition 15.111 that 

(6-1) = Y. 

ib&/a{Sf) -k 


for / G TLiG, x), where the sum of vr is taken over representatives of 11. ~/A inside ^ 2 (G). Here we will 

_ _ _ 4>,C^ 

always view representations of G{Af) as "^(G, x)-™odules. Since is stable, it is stable at every 

place. If we take / = and fix <S>w^v fw v u, then by Corollary 14.81 the coefficients of /„(?!„) 

in must be the same for all [vr.^] G H^ . Moreover, if we fix a representation vr G . 4 . 2 (G), by 

varying and the linear independence of characters of '^{Gw, Xu))-modules, we will observe 

that for u / u 

W^V 


contributes to ()6.ip if and only if 
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also contributes to (IG.ip for all [vr^] G 11- , where II- contains We still fix vr and hence 11- for all 

_ 0 ^ 4‘v 4>v 

V ^ u. Then (16.ip will contain x)-modules of the form 


TT,, 


(8)((8)p.i) 

V^U 


where [vr^] ranges over 11^ for all v ^ u. Suppose there is a distinct ^(G, x)-iiiodule 

[^v]) 


vr,, 


v^u 


in ()6.1I) such that [tt^] G IT- for all v u, then [vr^] 7^ [vr^] (8)0; for any character oj £ X. Otherwise, there 

01; 

will exist (h G T such that [tt^] <S) cUu = [vr„] 7^ [vf„] and H- = H- (g) a;„ for all v ^ u. This is impossible 

01 ; 01 ; 

because of the third condition, i.e. So-strong multiplicity one holds for cj). Therefore if we consider all 
[it] G ^ such that 

V^U 

is contained in (16.ip , this gives a non-empty set of representatives of X in To see why this 

gives all the representatives, one just needs to take the test function / = such that /.^ is supported 
on Zp G{Fu), then it is the same to consider representations of 

^FA^u)xl[d{F,). 

V^U 

By the same reasoning using stability, one can conclude that 


n. 




v^u 


is contained in (|6.1I1 . therefore II^ must contains all representatives of 11^ ^/X in 11^ Moreover, it follows 
again from So-strong multiplicity one and stability of (|6.1I1 that 

/(<^) := •4(^) 

Hen. 


is stable. This shows the packet 11^ satisfies the property (1) and (2) of Theorem 14.61 

Remark 6.5. (1) Following the proof, we can rewrite (j6.ip as 

l9. ,(f)=mi 


□ 


where 


If we define 


’ 0 Z—/ Z—/ Q 

uj€Yla{S^) [7r]en^(gia; 

n5 = %<8)«8)\)' 

v^u 

f{^) ■=Ylfv(.4>v), 


V 
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then we get the stable multiplicity formula for our lift 4 > 

This identity will be used in the proof of Theorem 16.221 
(2) The statement of this theorem indicates that we need a lifting result for the existence of such cj). 
In fact, there is a standard argument using the simple invariant trace formula which provides a 
global lift so that one is allowed to impose some local conditions. That argument is carried out in 
quite detail in ( [Art 13] . Section 6.2 and 6.3), and the local conditions that Arthur imposes already 
take care of our first additional condition in most cases. Even though the global lift which Arthur 
uses does not necessarily satisfy the other two conditions, his argument is still flexible enough to 
leave us a lot of room to manipulate. In fact, it is not hard to impose the second condition after 
we give a combinatorial description of the exact sequence 

1 -^ S~^ ^4 ILoin{G{kp)/G{F)G{kp),C^). 

However, for technical reasons the third condition is not so easy to satisfy, and it seems that we 
have asked something too strong. By tracking the argument in our proof carefully, one will observe 
that it is enough to have 

aut aut 

V v^u 

This condition can also be interpreted in terms of strong multiplicity one, which means that for 
any vr G AiG) such that [tt^] G H- for all u 7^ u, [tt] must be also in It-. If this condition 

<t>v ^ ^ 

is satisfied, we say So-strong multiplicity one holds for </> at the place u. And it is the most 
technical part of this paper to establish this property. 

6.2. A combinatorial description of 5^. Now we will give a combinatorial description of the exact 
sequences (I2.14h and (I2.15h . We assume F is either local or global. Suppose G = G{n), (j) G ^{G) if F is 
global or ^bdd{G) if F is local, and 

(f) = ll(j)l ffl • • • ffl 

where G ^sim{F^i) for 1 ^ z ^ r. From the discussion of Section [3l the set of indices can be written as 
a disjoint union of 

LI LI LI 

where {Itp.s) is the set of indices that index self-dual parameters of orthogonal (symplectic) type. In 
particular, since we are considering G to be either a special even orthogonal group or a symplectic group, 
G will always be orthogonal and hence the multiplicities li must be even for i G On the other hand, 
let us denote 

= {* G Icl>,o ■ k is odd }, 

II '’,= {i G Icj,^o ■ k is even }. 

Moreover, let S and T be subsets of and respectively, with the condition that XliesuT is 

even if G is special even orthogonal. And we allow S and T to be empty sets. Then the pair of such sets 
modulo the following equivalence relation gives us the combinatorial object that we need to substitute for 

ip^ = {(5,r)}/(s,r)~(5^r) 

where is the complement of S in There is a natural map from to Hom(G(T)/G(T),C^) if F 
is local (resp. Yioiii{G{Kp)/G{F)G{Kp),£.^) if F is global), which sends 

(5,r)^( H 

ieSuT 
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where is the central character of Let us denote this map by a-p and the kernel of this map by 
then we get a sequence 

(6.2) 1-->iP^^Hom(G(F)/G(F),CX) 

if F is local, and 

(6.3) 1-^ ^ B.om{G{AF)/G{F)G{AF),C^) 

if F is global. 

To compare these sequences with (I2.14h and (j2.15jl . we need a map connecting 5,^ and To define 
such a map, we consider semisimple s G S^j,, and (G(, (^') ^ {(j), s). In general, G( may not be elliptic, but 
it will he in £(,ii{M) for some Levi subgroup M of G. Since M is a product of general linear groups with 
a group G- of the same type as G with smaller rank, then G( contains a factor G'j x G'jj G £(,ii{G-) and 
(f)' will decompose accordingly. Suppose (/>_ is the component of cj) contributing to G_, and 

(j)'_ = (f)'j X 

if G is special even orthogonal, or 

(/>'_ = (</>/ (8) X 

if G and G\ are symplectic. In either case, give a partition of simple parameters in </>_. Let S (T) 

be the subset of parametrizing simple parameters in (j)'j with odd multiplicites. It is easy to 

see that {S,T) G so we get a map = c : 5^ —> V(j, in this way. Moreover we have the following 
lemma. 


Lemma 6.6. (1) The map c defined above will factor through Sfj,, and it gives a bijection between S^j) 

and V,j>. 

(2) If we denote the bijection in (1) still by c, then we have a commutative diagram. 

1->5^-> Hom{G{F)/G{F),C^) 

C 

1-^ -> V 4 , ^ Hom{G{F)/G{F),C^) 

1 -> ^ Hom{G{AF)/G{F)G{AF),C^) 

C 

1 -> Hom{G{AF)/G{F)G{AF),C^) 


if F is local, or 


if F is global. 

Proof. First we would like to show c factors though i.e. for any s G 5,^, c(s) only depends on the 
image x of s in S^j,. Note that if s is replaced by an S^-conjugate si, then the corresponding pair (G'^, fi'i) 
is isomorphic to (G', fi'). So by our definition 

c(si) = c(s). 

Now if we fix a maximal torus of and a Borel subgroup containing it, any automorphism of the 
complex reductive group stabilizes a conjugate of {T,p,Bfi). So we can choose a representative Sx of 
X in so that Int(s3;) stabilizes {T^,B^), and such representatives are determined up to a T|^-translate. 
Moreover the complex torus 

f^,x = Cent(sa,,r0)° 
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in Tff, is uniquely determined by x. Note that is the connected component of the kernel of the following 
morphism 




1 1 ->• Sx ^tSxt ^ 

So any point of can be written as {sx^tsxt~^)tx for t and tx G 
and hence any point in can be written as 

^^xt ')tx ~ tSxt tx — tSxtxt 5 t G 

Therefore it will be enough to show that 


T^,x (see |Spr09| , Corollary 5.4.5), 
tx G Tfp^x- 


c{Sx) — c{Sxtx) 

for any tx G f^^x- 

The centralizer Mx of in G is a Levi subgroup of G, which is dual to a Levi subgroup Mx of G. 
So (0, Sx) is the image of a pair 

{(Pm^jSmJ, 4>m^ G ^{Mx), sm^ G , 

attached to Mx under the L-embedding ^Mx C ^G. And this pair is in turn the image of an endoscopic 
pair {M'x, Note that Mx has a component Gx of the same type as G and So we can 

define a map on by with respect to the component (j)G^ of ■ Since M' can be identified 
with a Levi subgroup of G', one can easily check that 

= c(Sx). 

Note that c^'^{sm^) is invariant under the translation of by T^^x-, so the same is true of c(sa;). 

Secondly we need to show that c is in fact a bijection between and Note that we can actually 
compute and explicitly. For |5(^|, we have the description from Section [3] that 

(6.4) s^=( n oft.c))jx( n SpikX)) X ( H GL{Ij,C)), 


where ^ 0{li,C))'^ is the kernel of the character 

^ Y[^detgi)^% gi G 0{li,C),i G 4, 


o- 


If G is symplectic or G is special even orthogonal with being empty, then 

f (Z/2Z)l^'#>.ol ifallAIj are even for i G L^,0) 
I (Z/2Z)l^'^’Ol“^ otherwise. 


Sa, — 


If G is special even orthogonal and is not empty, then Z{G) ^ and thus 


Sfj, 


{’L/2’L)d'i>,o\-i 

(Z/2Z)l'f'#>.ol-2 


if all Ni are even for i G L(^,0) 
otherwise. 


For \V^\, it is just a combinatorial computation. Suppose G is symplectic, there is no condition on Aj, so 
\V^\ = 2 d<i>,o\-^^ Suppose G is special even orthogonal, it again divides into two cases. If all Ni are even 
for i G then the condition on Ni is automatically satisfied and hence 


\n\ 


2hi#>.ol if [Odd -g 

2h</>.o|-i otherwise . 
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And if there exists i G I^p^o such that Ni is odd then 


\n\ 


2h</>.ol 1 if jodd ej^pfy^ 

2h</>,o|-2 otherwise . 


Therefore one can conclude that Now it suffices to show that c is surjective. In fact for any 

partition {S,T), one can choose an element s = {sk)keK^ £ Stp according to the decomposition ()6.4p such 
that it has the form 


/-I 


Si = 


for i G S' U T, and Sk = I otherwise . 


1 / 


When G is symplectic, we can assume Yli&suT possibly changing (5, T) to {S‘^,T). If 

(G", 4>') {4>, s), then G' is elliptic and cj)' = (f)'j x (p'jj (or (/>'_ = (0^ (g) x if G'^ is symplectic) with 

the property that 


Hence by the definition c(s) = (5, T). 

For the second part of the lemma, it is enough to show that 


a(s) = a-p{c{s)), 


for s G S'^ being such representatives chosen above. Let 

ieSuT 


then Q!7r,(c(s)) = rj' o X. Moreover, G' will be Sp{2ni) x SO{2n2,r]') if G = Sp{2n), and SO{2ni,p') x 
SO{2n2,p'p) if G = SO{2n,rj). As one can see from the table of twisted elliptic endoscopic groups in 
Section r2.1.3l G' can be lifted to G' G £eii{G,co) with co = rj' o X. So uj = ap{c{s)). Finally we just need 
to notice a(s) = a; by Lemma [2.121 hence q;(s) = ap(c(s)). 


□ 


Corollary 6.7. Suppose (p = lipi ffl • • • ffl Irpr £ ^bdd{G) if F is local (resp. ‘h(G) if F is global), and S, 
T are subsets of respectively. Suppose that 

( n o A 7^ 1 

ieSuT 

unless T is empty and S is either empty or equal to Then = 1. 

Proof. It follows from the definition that \V^\ = 1. By Lemma 16.61 one has |5^| = \V^\ = 1. Hence 

S^ = l. □ 


The following proposition will become useful in our later proofs. 

Proposition 6.8. Suppose cp G ^eii{G^) for 9 G Sq andS^ = 1. IFe assume one of the following condition 
is satisfied. 

(1) G is symplectic, 

(2) G is special even orthogonal with r/G 7^ 1, 

(3) G is sepeial even orthogonal with rjc = 1, and 1 ^‘^q or is empty. 

If (p factors through cp' G ^(G'), where G' = Gj x Gn is a twisted elliptic endoscopic group of G, let 

(P' = (Pj X 4>jj, where (pi G ^(G*) for i = I, II. Then S't = Si = 1. 
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Proof. Since (j) £ ^eii{G^), we can view 

Todd f- j „„ j jeven f- jeven 

dcl>i ,0 ^ ^0,0 and ^ ^0,0 

after possibly twisting cpj by Suppose 7^ 1, we can represent any nontrivial element of by 
(5',r')for 

0/ (- Todd J rpi jeven 

such that S' U T' is nonempty, '^i^s'vjT' even and 

n Wi = l- 

iGS'UT' 

Then we want to show 5^ 7^ 1, which would lead to a contradiction. 

Let us dehne {S,T) by 

S = S' n and T = {S' U T') n 

Then (S, T) corresponds to a nontrivial element in unless T is empty and S = I'^q- In the exceptional 
cases, we have 

T' is empty and S' = S = 

By our conditions on {S', T'), we see G has to be special even orthogonal and rye = 1- So we only need to 
consider condition (3). In particular, we can assume is empty, i.e. follows S' = 

But this is impossible for {S',T') should correspond to a nontrivial element in by our assumption. 
Therefore, we see 5^ 7^ 1. Similarly, if we assume 7^ 1, we can also deduce 5^ 7^ 1. This finishes the 
proof. 

□ 

In the case that G is a special even orthogonal group and cf G ^bdd{G^°) if F is local (resp. if F 

is global), we can have a similar combinatorial description of the map from to Hom(G(T)/G(T),C^) 
if F is local (resp. Hom(G(Ai7’)/G(F)G(Ai7’),C^) if F is global). To do this we need to take a bigger set 

V^'' = {{S,T)}/S^S'' 

by withdrawing the condition that X^igsuT ™ust be even. It is easy to see that one can extend the 
map a-p to V^° and the map c to S^° with its image in . As a result, we have the following lemma 
which is an analogue of Lemma 16.61 and the proof is similar. 

Lemma 6.9. (1) The extended map c will factor through , and it gives a bijection between 

andV^F 

(2) If we denote the bijection in (1) still by c, then we have a commutative diagram. 

1 - Hom{G{F)/G{F),C'^) 

C 

1- Hom{G{F)/G{F),C^) 

if F is local, or 

1-^5?“- > Hom{G{AF)/G{F)G{AF),C^) 

C 

1- Hom{G{AF)/G{F)G{AF),C^) 


if F is global. 
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Remark 6.10. It is a consequence of Lemma 16.61 and 16.91 that 

Here we give two applications of these combinatorial descriptions. The first one gives the refined 
L-packet in the archimedean case (cf. Remark 14.711 . 

Proposition 6.11. Suppose F is real, cj) G ^bdd{G) and n is an irreducible admissible representation of 
G{F) whose restriction to G{F) have irreducible constituents contained in H^. If / 1, then = 

for all characters uj of G{F)/Z^{F)G{F). In particular, let ( be the central character of tt, then we can 
define H^ = H^ ^ if H^ is not a singleton. 

Proof. Notice that G(M)/Z^(M)G(M) is either 1 or and the only nontrivial character e of 

is given by the sign character. Since GL{n, M) has essentially discrete series only when n ^ 2, the set 
only parametrizes quadratic characters of F^ and discrete series of GL{2, M) with central character e. 
Now we suppose tt®£ % it, then it is clear from Lemma f6.6l that this is only possible when I^^q parametrize 
quadratic characters of F^ , i.e. e and the trivial character £q. Depending on which characters and 
parametrize, we have eight cases and we can represent them as follows: eo,2£o;£,2£-,£o 0 2 e, e 0 
2eo;eo ® ej2eo + 2e. One can see easily from Lemma [6l6l that in these cases either 5^ = 1 or e G a{S(f,). 
Therefore we get a contradiction. For the last point, one just needs to notice 5^ / 1 if H^ is not a 
singleton. □ 

Remark 6.12. The proof of Proposition 16.111 also shows that X{tt) = X for discrete series representation 
TT of G(M). 

The second application is on the multiplicity problem that we have discussed in Section [5l Now let us 
assume F is global again, and it turns out more convenient to ask when both So-multiplicity one and 
So-strong multiplicity one hold for cj) together, i.e. 

aut 

«(sf”) = n “(■sf.”)' 

almost all v 

By our Bemark 16.101 this is the same as 

aut 

almost all v 

The next lemma gives an answer for the simplest type of parameters. 

Lemma 6.13. Suppose 

(j) = hpi ffl • • • ffl firjr G ^(G), 

where pi are quadratic idele class characters for 1 ^ i ^ r. Then both 'pQ-multiplicity one and T^Q-strong 
multiplicity one hold for (f. 

Proof. From Lemma 12.11 we can view ryj o A as quadratic idele class characters of F', where F' is the 
extension of F associated to the character 

r 

i=l 

by class field theory. Let us denote rji o X by lyl. We are going to prove this lemma by induction on the 
number of nontrivial characters ryl for 1 ^ ^ r. Suppose there exists some quadratic idele class character 

a; of F such that w' = a; o A is contained in 

aut 

n 

almost all v 
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If we assume rji is nontrivial, and let E be the quadratic extension of F' associated to rj[, then after a 
base change to E, we get 

(1>E = hVE,! ffl • • • ffl lrriE,r 
where = r]i° And we have 

LOe = id' O ISlmE/F' 

contained in 

aut 

n 

almost all v 

Since r]E,i = 1, by induction the lemma is true for (pE- Hence 

m 

=n 

k=l 

for some 1 < ^ r and m < r. This implies that 

m 

■ n^u°^“E/E'=1- 

k=l 

Since \Iei '■ Nmg/p’/l£;| = 2, then 

m 

= ^ 1 - 

k=l 

Hence u' G ap(P^°). □ 

6.3. Construction of global parameters. In this section we are going to give the global lifting result 
needed in Theorem 16.41 Let us assume T is a nonarchimedean local field and T is a totally real global field 
with Fu = F (cf. |Artl3j . Lemma 6.2.1). Let G be a quasisplit special even orthogonal group or symplectic 
group over F such that Gu = G and Gy has discrete series for v G 5oo (cf. |Artl3| . Lemma 6.2.2). For 
any finite set S of nonarchimedean places of F, we denote the unitary dual of G{Fs) = nj;GS G{Fy) by 

G{Fs), and the Plancherel measure on G{Fs) by ■ 

Lemma 6.14. For (j) G ^sim{G) and an open subset U of tempered representations of G{Fs) such that 
fi^g{U) > 0, one can find ^ G ^sim(G) with the following properties. 

(1) (t)u = 4>, and (8)„esn^„ ^ U. 

(2) If V ^ Soo{u) U S, then 4>v is spherical. In particular, it can be written as a direct sum of 
quasicharacters of Fff with at most one ramified quasicharacter. 

(3) Ifve 5oo, k e ^2iGy). 

Proof. This lemma is the consequence of f [Shil2] . Theorem 5.8) and l [Artl3| . Lemma 6.2.2 and Corollary 
6.2.4). As one can see in the proof of 1 [Art 13] . Lemma 6.2.2), cfy has a ramified quasicharacter if and only 
if r]Q is ramified. Also note that ( |Shil2| . Theorem 5.8) requires G to have trivial centre, however this 
condition can be removed by choosing suitable discrete series in the archimedean places as in the proof 
of f [Art 13] . Lemma 6.2.2). In fact, the main techniques in both proofs are the same, i.e., Arthur’s simple 
invariant trace formula. The new input in f ]Shil2] . Theorem 5.8) is Harish-Chandra’s Plancherel formula 
and Sauvageot’s principle of density result (cf. ]Sau97j . Theorem 7.3). □ 

Lemma 16.141 serves as the building blocks of our global lifting result, and because we want to impose 
the condition of So-strong multiplicity one at one place for any global lift, it is important to consider 
the case of simple parameters first. We will begin with another description of So-strong multiplicity one, 
which is kind of dual to the original one. 
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6.3.1. TiQ-strong multiplicity one at one place. Suppose F is a global field, G is special even orthogonal 
or symplectic group over F and (f> G ^{G). We define 


Gl^ = Z^iFMFu) X n G(F,), 

V^U 

Let 

= {5 e G{F^) : ujy{g) = 1 for all G 

for any [vr^,] G , and 

V 

for any [tt] G H^. We define ^^(71^°) = G(7r^o) n G\^. As a consequence we can have the following 
identities 

aut 

= (G(A^)/G(F)G(7r^°))* 

V 

aut 

YlaiS^^) = {GUG^^GHtt^^))*. 

V^U 

By the approximation theory for number fields (cf. |Neu99] L we have G{Ap) = G{F)G\^. So 

(G(A^)/G(F)G(7r^°))* = (Gi^/Gi^ n G(F)G(7r^°))* 

Therefore the condition of So-strong multiplicity one at the place u is equivalent to 

(6.5) |Gi^ n G(F)G(7r^°) : G\G\7:^^)\ = |Gi^ n G(F)G(7r^°) : G].(G(7r^°) n Gij| = 1. 

Let 


^ = Gi^/G(A^), = G^G(A^)/G(Af) 

Bp = G(F)/G(F), B{ti) = G(7r^°)/G(A^) 

and B{ 7 Ty) = G(7rJ°)/G(F^), then we can rewrite (|6.5p as 

IA n B{tt)Bp : (A n .B(7r))Ai7’| = 1. 


In particular, 


(A n B{tt))Ap = a n B{tt)Ap, 
so we has proved the following lemma. 


Lemma 6.15. Suppose (p G ‘b(G) and [tt] G II,^. Then TiQ-strong multiplicity one at the place u holds for 
4 > if and only if 

(6.6) |A n B{'k)Bp : A n .B(7r)Ai7’| = 1. 


Note that all these groups A, B['k) and Ap, Bp can be viewed as subgroups of Ip and F^ respectively 
through the similitude character A. Therefore we have the following equivalent statement for (|6.6p . 

Lemma 6.16. |An.B(7r)Bi7’ : An.B(7r)Ai7’| = 1 if and only if for any x G B^n), there exists y G B{Tr)r\Bp 
such that xy G A. (i.e., for any x^ G B{'Ky)/{Fff Y, there existis y G B{'k) n Bp such that y^ = xf^ mod 

{Fff?-) 
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Proof. Suppose x G B{7r) and z G Bp such that xz G A. First let us assume (| 6 . 6 I) . then xz G An B{7r)Ap 
since xz ^ An B{p)Bp. So we can write xz = uw where u G Ap and w G B{p) n A. In particular 
xw~^ = uz~^ G B{p) n Bp. Let us set y = wx~^ which is also in B{p) n Bp, then one has xy = w £ A. 

Conversely, let us take y G B{p) n Bp such that xy G A. Then we can write xz = {xy){y~^z). Since 
both xz and xy lie in A, one has y~^z G A and in particular, y~^z G An Bp = Ap. Moreover, it clear 
that xy G B(tt). Hence xz £ An B{p)Ap and the rest of the lemma should be clear. □ 

6.3.2. Global lift. Now we are going to use Lemma f6.141 Lemma f6.15l and Lemma (6.161 to produce a global 
lift with the intended property of Sg-strong multiplicity one at one place. 

Lemma 6.17. Suppose F is a nonarchimedean local field and £ ^sim{G), there exists a totally real 
global field F and a group G over F such that Fu = F and Gu = G, and one can lift 4> to a global simple 
parameter cj) £ ^sim{G) satisfying the following properties. 

(1) fiu = fi, and ij)y £ ^ 2 {Gv) for v £ Soo- 

(2) Ifv^ Soo{u), (pv is a direct sum of quasicharacters of Ffi with at most one ramified quasicharacter. 

(3) TiQ-strong multiplicity one holds for at the place u. 

Proof. Let G be a quasisplit special even orthogonal group or symplectic group over F such that Gu = G 
and Gu has discrete series for v £ Soo, and let rjti, = iJq. In view of Lemma [6.141 one would like to impose 
restrictions over a finite set S of nonarchimedean places described by an open snbset U of tempered 
representations with fi^{U) > 0, so that the global lift obtained from Lemma 16.141 has the property 
of So-strong multiplicity one at the place u. To determine S and U, we need to use the equivalent 
characterization of the property of So-strong multiplicity one at one place given by Lemma 16.151 and 
Lemma [6.161 First, let us take two distinct quadratic idele class character fu {i = 1,2), so that fy^u = 1 
and fji^u = Ed the sign character of for n G Soo- This is possible for one can construct a quadratic 
extension of any number field with arbitrarily prescribed localizations at finitely many places. Then we 
can consider the following composite parameter 

ffl 7)1 ffl ?72 ffl yif]2 £ ^{Gfij, 

and let 

B{fin,v) = {z £ Gr^{Fy)/Gr^{Fu) : uju{z) = 1 for all ujy £ a{S^° )} 

for any place n. Note that = G',j(F)/G',j(F) and = G(F^)/G'(F^). Moreover if [tt] G H^, 

then B(tt) = B^cp-^^u). And B{(prj,v) = 1 K >0 if n G Soo- If we apply Lemma [6.131 and Lemma [6.161 to cpr), 
we get for any x £ B{p)/{F^)‘^, there exists y £ Bp such that yu = x~^ mod and yu £ B{cpr],v) 

for V u. In particular, yy £ M>o if n G Soo- Since we are going to nse Lemma [6.141 to lift (p, by its 
properties we can conclnde immediately that yy £ Bifiy) unless v u is nonarchimedean and |y^| 7 ^ 1. To 
emphasize the dependence of y on x, we also write y = y{x). Let Sy(^x) be those nonarchimedean places 
V u where |y^| / 1, and since the group B{p)/{F^fi is finite, we can take the union of all such sets and 
get 

S = u 

iGS(7r)/(Fx)2 

which is still finite. Note that S depends on the choice of y for each x. Now we can describe U = By. 

In fact for any v £ S, one jnst needs to take Uy to be the nnion of tempered packets H^^ for spherical 
(pv £ ^bdd{Gy) such that a{S^°) = 1. By Lemma 16^91 this condition is eqnivalent to requiring no finite 
products of unramified qnasicharacters in (py gives the nontrivial unramified qnadratic character nnless 
tJq is nontrivial and quadratic. Since this is an open condition, Uy is open with positive Plancherel 

measure. Note that the condition a{S^°) = 1 also guarantees B[(py^u) C B{Pu) for G H^^ C Uy. 
Finally, we can nse Lemma 16.141 to get a global lift cp snch that H^ C Uy for v £ S. And it is clear 
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that for any x G B(tt)/, the y chosen above will lie in B{'k) Bp for [tt] G II^. This finishes the 
proof. □ 

This lemma is the first step to overcome the lack of strong multiplicity one, next we will generalize this 
to composite parameters. 


Lemma 6.18. Suppose 

<?i = 01 © • • • © © 20q_|_i © • • • © 2(j)r G 

where (l)i is simple for 1 ^ f ^ r and 0 G Sq. We assume 0 factors through (f>M £ Then one can 

choose a lift (G, M, F, 0) of (G, M, F, 0) with the following properties: 

(1) F is a totally real field and there exists a place u such {Gu, Fu, <j)u) = {G,M,F,(I)). 

(2) 0 = 01 ffl • • • ffl 0q ffl 20q+l ffl • • • ffl 20^ G ^eZz(G®)- 

(3) 5~ = 1. Moreover, (G,cj)) satisfies the conditions in Provosition 1 6. <gi 

0 

(4) If V ^ Sooiu), the local Langlands parameter 

0tJ ~ 01,1’ © ■ ■ ■ © 0(1,11 © 20(ji_|_l^j; © • • • © 20J.^^ 

is a direct sum of quasicharacters of F^, and it contains at most one ramified quasicharacter 
counted without multiplicities modulo the unramified quasicharacters. 

(5) Ifv£ Soo, 01,„ G ^2{G^i,J- 

(6) Tjq- strong multiplicity one holds for cj) at the place u. 


Proof. The idea is to apply Lemma 16.171 to each simple parameters. But one needs to be extra careful at 
the following points. 

The first point is about property (3) and (4), they require choosing those global characters in a 
consistent way so that the condition of Corollary 16.71 is satisfied, and also there is at most one ramified 
character in „©• • -(Bpcj,,. „ at each place v ^ S'oo(rt) counted without multiplicities modulo the unramified 
quasicharacters. But this can be done easily. In fact, one can fix nonarchimedean places {vi,V 2 , ■ ■ ■ ,Vr} 
distinct from u. li q = 0, we require for 1 ^ f ^ r and 1 ^ j ^ r that 


(6.7) 



the unramified quadratic character of Fif ^, when i = j, 
1, otherwise. 


If g 7^ 0, we only impose (16.7h for 2 ^ ^ r and I ^ ^ r, and require for 2 ^ j ^ r that 


" [I, ifq = l. 

In this case, we also require 7^ 1 when G is special even orthogonal. It is easy to see that these 

conditions will guarantee (3). Next we can choose satisfying these conditions. Moreover, we can choose 
them consecutively for i decreasing from r to 1 such that has discrete series and is unramified 
over the ramified places of for j > i, except in the case i = 1 and G is symplectic, where we would 
like to assume G^.^ is also symplectic and take 


7, 

if 9 = 1. 

The second point is about choosing the set S of nonarchimedean places as in the proof of Lemma (6.171 
It is tempting to think that it should be the union of all such sets defined in Lemma 16.171 for each simple 
parameter 0*. In fact, one should choose this set S for 0 as a whole. Let 7)1 and 772 again be two distinct 
quadratic idele class characters defined as in Lemma 16.171 And here we consider 


0^ = 7)0^ ffl • • • ffl 7)0^ ffl 27)0 ^^j ffl • • • E 27)0^ ffl 771 ffl ?72 ffl 771772 G ^{ Gp ) 


0^ = ?70i ffl • • • ffl ?70^ ffl 2?70^_^^ ffl • • • ffl 27)0^ ffl 2771 G $(G,,) 


when q is odd; or 
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when q is even. By applying Lemma 16.131 and Lemma 16.161 to 0^, we can get a set S of nonarchimedean 
places using the same argument as in Lemma 16.171 Finally, one can choose the open set of tempered 
representations Ui = OueS each simple parameter (jji as in Lemma 16.171 and make them smaller 

enough so that a{S^°) C ). This is possible again by Lemma [6^ Note that if is a quadratic 

character, there is no need to impose any local conditions on S. This finishes the proof. □ 


Remark 6.19. (1) In view of Lemma 16.91 the second property about this global lift cj) implies the 

natural inclusion ^ is an isomorphism here. So we can identify 5?° with . 

(2) In later proofs, we would like to apply the discussions in Section [5~il to such global parameters </>. 
In fact, by our induction assumption and Proposition lG.SI we can replace Coniecture l5. 161 [5.18115.191 


by Theorem l5.21l for the proper Levi subgroups and twisted endoscopic groups of G. It is then clear 
that Lemma 15.221 is still valid for (j). Since we are only going to establish the stable multiplicity 
formula for discrete parameters in Theorem 15.211 we need to require 

^ 10 -) = 


when cj) is not a discrete parameter in Lemma 15.251 However, in our application this will always 
be satisfied by our choice of Co and the fact that = 1. 


6.4. Proof of main local theorem. With all these refined lifting results, we can start to prove the 
main local theorem. Let T be a nonarchimedean local field, 

(6.8) (/) = (/>! © • • • © © 2(l)g+i © • • • © 2(?i^ € ^eii{G^), 

where (pi is simple for 1 ^ i ^ r and 0 G Sq. The simplest cases are when pi are quadratic characters r/j 
for 1 ^ ^ r, and one can see not all of these cases will follow from induction. So we have to treat the 

exceptional cases differently. In fact regarding property (4) of Lemma fb.lSl one only needs to consider the 
cases when r ^ 4, i.e., the trivial character eo, the unramified quadratic character e, a ramified quadratic 
character rj, and also rj- e. In fact, when r = 4 and G is special even orthogonal, it can be further reduced 
to the case r ^ 3 by our induction argument as one can see from the proof of Lemma 16.181 


Lemma 6.20. For p shown in (|6.8I) . if pi = rn, and r ^ 3 (or r ^ 4 when G is symplectic), then the 
main local theorem (Theorem ra holds for p. 


Proof. There are two types of parameters which lead to nontrivial cases here. 
Type I : 

(/) = © 7/2 © % G ^bdd{G) 


Type II: 

P G ^ell{G^) - MG) 

For type I, G = GL{2) and 5^ = 1 by Lemma [©6l so the refined L-packet H^ is a singleton and hence 
determined by H^. Since the character of any irreducible admissible representation of GL{2, F) is already 
stable, the packet H^ is then stable. Therefore the only thing we need to prove is the twisted character 
relation (14.2p for lo G a(5,^) and 6 = id. To prove this, we use the stabilized ©-twisted trace formula for 
Co G Oi{S^) and some global lift p. 

Assume i;/) = ?)i ffl 772 ffl 773 is a global lift of p. Because the global L-packet for GL{2) should also be 
a singleton and multiplicity one holds for GL{2), the spectral side of the discrete part of the ©-twisted 
trace formula becomes 


ifMf) = trR^^Mf) = y 

disc^M dtsc,M 

^'ey/a(5^) 


mpk © Co', Co)f~ (tt 
G 


© Co', 


LO 


where vr is taken to be any representation in ©12(G), whose restriction to G(A^) are contained in H^, and 


/g(7t ©©',©) = Ylfpy 


TT,: 


I ©(,, 


V'f ^vjl 
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defined by (14.31) . In particular, m{'k ® Co',C j) = ±1. For the endoscopic side, we can apply Lemma [5.251 
and get 

r(G,‘^) I 


6 j'eY/a{S^) 

where a{x) = Co and S~ = 1. Therefore we have an identity 


i a; , X 


0 


^ mi-k ®Co',uo)f-^{'k ,Co) = ^ 


i W , X . 


u'GY/a{S^) 




Note that strong multiplicity one also holds for cf). This either can be seen from Lemma 16.131 or from 

the fact that G = GL(2) here. Then one can use the Satake parameters of representations of G{Ap) to 
distinguish the summands on both sides of the identity (cf. Lemma l5.ip . As a result, we get 

m{'k,Co)j-^{'k,uo) = 

where we may need to change vr by twisting with some Co' G Y/a{S^) to get this equality. Therefore for 
any place v one has 

m{7r^,L0y)fp (7r„,a;^) = /g^((^^,x^), 

Ltd 

where m{'k^,Cov) are some constants in C^. If we take supported on Zp^G{F^), then /g (7r.u,a;.i;) = 

fdS^v:^v) by character relation for G^, hence m{'ky,Cjy) = 1 and so is m{k,Co). In particular we have 
shown the twisted character relation for </> of type 1. 

For type II, it also suffices to show the twisted character relation regarding Lemma 16.21 In fact its 
proof is similar to the proof of the twisted character relation for a general parameter 

<j) = (j)l ® ® © • • • © 2(j)T G $eZz(G^) ~ ^2(G^)- 

So here we will carry out the general strategy. First we apply Lemma [6.18l to (j) and get a global lift cj) such 

that (l)u = <i>: S~ = 1, and Sg-strong multiplicity one holds for (j) at the place u. In particular, for the case 

0 

of type II parameters considered here, it is true that both So-multiplicity one and Sg-strong multiplicity 
one hold according to Lemma 16.131 Next we would like to apply Lemma 15.221 and Lemma 15.251 to get an 
identity of the spectral expansion and endoscopic expansion of the stabilized (0, d;)-twisted trace formula. 
In view of Lemma [©H we can assume semisimple s € satisfies \S^g\ < oo. This implies s G -S^eZZ 
we denote its preimage in by s. Let x be the image of s in Since S-r = 1 , we have lo ^ 1 and 


V 


E 


vAx)f ~e{(p © Co'^ x) = C~ 

0 G 0 

' Oj'GY/a{S^) Oj'GY/a{S^) 

It follows from Proposition 15.171 and the fact that s £ S^- 

(p^ell 
f 9 ( 


e'^{x)fG{(t)®Co',x), 


f^(x) = e^(x)/0. 


Therefore 

(6.9) 


^ /gs ((/>©©', x) = ^ fG%<P®uj',x). 

u'&Y/aiS^) 

In case Sg-strong multiplicity one holds, we can again use the Satake parameters of admissible represen¬ 
tations of G{Ap) to distinguish the summands on both sides of the identity. As a result, we get 

fpe{<j),x) = /g®(0,x) 

Cj 
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and hence there exist constants n„ for all places such that 

f ^8 ^v) — Til) • f Xv)- 

If we take supported on Zp G{F^), then f~e{(j)^,Xv) = by the twisted local intertwining 

G„ “ 

relation for G^. Therefore = 1 and we have shown the twisted local intertwining relation for cj). By 
Lemma 14.101 this implies the twisted character relation for cj). So we have finished the proof for the 
parameters of type II. 

□ 

Theorem 6.21. Suppose F is a nonarchimedean local field and cj) G $eZz(G^) ~ '^ 2 (G')) then the twisted 
eharacter relations (021) holds for (j). 

Proof. We first get (|6.9I) following the general strategy in the second part of the proof of Lemma 16.201 In 

this general case, we only know Sg-strong multiplicity one holds at the place u for cj). But now we can 
assume the twisted character relation for all places except u. This is because of the property of our lift (p 
shown in Lemma 16.181 and the fact that we have shown the twisted character relation for the exceptional 
cases considered in Lemma [6.20l Under these assumptions, we can conclude from the linear independence 

of twisted characters of x,;)-modules (see [Lem 16] . A.4.1) that 

and hence 

f^e{p.^,Xu) = f^li<j)^,Xu)- 

This proves the twisted local intertwining relation, which implies the twisted character relation according 
to Lemma [4.101 □ 


Now we can deal with the discrete parameters G <I>2(G). 

Theorem 6.22. Suppose F is a nonarchimedean local field and cj) G $2(G); then the main loeal theorem 
(Theorem holds for (f). 

Proof. We can apply Lemma 16.181 to and because of Lemma 16.201 and Theorem 16.211 we can use the 
argument in Theorem 16.41 to show part (1) and (2) of the main local theorem. At the same time we can 

deduce the stable multiplicity formula for the global lift p (cf. Remark 16.Sp . i.e. 


/G (/) = 5' 

disc,<p^'' ' disc. 




Co'&/a{S^) 




Hence the only thing left is to show the twisted character relations (14.2|) . In order to deduce the {0,u})- 
twisted character relation we use the stabilized (0, d;)-twisted trace formula. Note that 


~e ^ ~e ^ 

if f (/) = trRf ’^hf) = 

disc^cj) ^ dtsc^cf) ^ 


E 


E 

ien-r 


m(7r, ijj 




1 ^1) 


where /~e ( 71 ^, 0 ;^) is normalized according to (14.31) . the sum of Co' is taken over 

G., 


aut 
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and |m(7r,d;)| is some integer not larger than the multiplicity 

^ aut 

m{^) ■=m^\Yl |a(‘5^)r^ 

V 

of TT as "^(G, x)-module. By Lemma [5.251 we get 

6j'GY/aiS^) 

where a{x) = ui. By Lemma 16.201 and Theorem 16.211 we can assume the twisted character relations for 
all places v ^ u. Then it follows from the linear independence of twisted characters of ®v^vfi-{Gv,Xv)~ 
modules and So-strong multiplicity one for (j) at the place u that 

(6.10) ^ (tt^, w^)). 

Hen-r [ff„]Gn-r 

</> 4‘v 

Now we choose / = ®vfv with /„ supported on ZpG{F) and thus 

fGj^u,Xu)= Y1 

Substitute such test functions into the identity (|6.10l) . one deduces that 

m{'k, Co) = m(0). 

Therefore 

4>U “^v 

for all / E 71(0, x). So we must have 

fd'Mn,x)= V f^e{'fru,u}u), 

’Pu 

and this finishes the proof of the (0, w)-twisted character relation. □ 

At this point, we have proved our main local theorem (Theorem 14.611 for G = G{N), and the general 
case is just a corollary of that. 


Corollary 6.23. Suppose 


G = G(ni) X G(n2) x ••• x G(ng), 


with rii ^ N for 1 ^ i ^ q and 4> E ^bdd{G), then the main local theorem (Theorem 4-6) holds for f. 


Proof. Let us write (f) = (pi x 4)2 x ■ ■ ■ x 4>q such that <pi E ^bdd{G{ni)) for 1 ^ i ^ q. Note that 

G C G(ni) X G(n2) x ••• x G{nq) 

form a pair of groups satisfying the assumption in Section 12 .1.11 Since IIt is well defined now, we 
can define to be the restriction of (S>i=i^4, to G{F). It is clear that 11^ satisfies part (1) and 
(2) of Theorem 14.61 Moreover, the twisted endoscopic groups of G lift to twisted endoscopic groups of 
G(ni) X G{n 2 ) x • • • x G{nq) by Proposition 12.71 Then it is a consequence of Corollary 12.221 that the 
twisted character relations of G follow from that of G(ni) x G{n 2 ) x • • • x G{nq) again by restriction. This 
completes the proof in the general case. □ 
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6.5. Proof of global theorem. In this section, we are going to prove the global theorem, i.e.. Theo¬ 
rem 15.211 We will keep the notations as in Section 16.11 Suppose F is global, 

G = G{ni) X G{n 2 ) x ••• x G(ng), 

with Yli=i ~ Now we can assume the main local theorem for G thanks to Section 16.41 We will first 
prove the corresponding statement of Conjecture 15.161 for G. 

Theorem 6.24. We assume cj) E ^{G) satisfies the assumption in Theorem \5.21\. 

(1) One can associate a global packet II ^ of irreducible admissible representations of G{Kf) as'H{G)- 
modules, satisfying the following properties: 

(a) = , where 11^ is some lift of 11,^^ defined in Theorem \4-(^ 

(b) there exists [tt] € 11^, so that tt is isomorphic to an automorphic representation as ^(G)- 

modules. _ _ 

Moreover, is unique up to twisting by characters of G{Af)/G{F)G{Af). And we can define a 
global character of by 

< x,TT >:= > for [tt] E and x E S^. 

V 

(2) If (f ^ $ 2 (G), the (p-component of the Q-equivariant discrete spectrum of G{Af) as 'H{G)-modules 
can be decomposed as follows 

LlscAG{F)\G{AFU) = m^ Y, E 

uj£Y/a{SA [7r]Gn^{g]ii; 

<',7f> = l 

where is defined as in Remark \3.14\ 

Proof. If (p factors through <pM E $ 2 (Af) for some proper Levi subgroup M of G, then by our induction 
assumption, we have a global L-packet for M, and we can define 11^ to be the irreducible constituents 
induced from So it is enough to consider the case cp E ^ 2 (G). Note that one can always define 

a global packet as follows. If tt E . 4 . 2 (G) and its restriction to G{Af) have irreducible constituents 
contained in 11,^, then we can take the local lift of 1I,^„ to be the one containing [vr,,]. We form a 
global packet 

V 

and the uniqueness property should follow from Corollary 15.91 and the decomposition in Part (2). 

To show Part (2), we can apply Lemma 15.251 to get 

(6.11) i%scM) = s%scAf) + Cii, E E 

uj&/a{S4,) xG5^-{1} 

By the local character relation, one can define a global packet transferred from 11^, for any x E 
5^ — {1}. Next we would like to add 

(6.12) 2.G^ E E E 

uieY/a{Sfi)x&S^-{l} 

<a;,7i->=—1 

to both sides of (|6.11l) . Note that this sum does not include x G S^ — {1} such that < x,Tt >= 1 for all 
[tt] E . For those x which does not contribute to ()6.12l) . we have f'^ifi <S> uj,x) = f^{(px ® to) which is 
defined by and is stable. Then the right hand side becomes 

E E 

ui&Y/a{S^)x&S^-{l} 
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which is again stable. So the left hand side 

(6.13) /L, 0 (/) + 2-C^ E E E 

uieY/ais^}xes^-{i} 

<a:i,7r>=—1 

is also stable. By ()5.15p . 

Let be the global packet defined in the beginning with respect to some fixed tt^ E A 2 {G). Since (|6.13p 
is stable, it is stable at every place. So we can take / = ®wfw and fix ^w^vfw for any place v, then by 
Corollary 14.81 the coefficient of fv{^v) in (I6.13P must be the same for all TTy E By varying ®w^vfw 
and the linear independence of characters of x«,)-modules, we have that 

contributes to (16.131) if and only if all elements in 

also contribute to (j6.13p . By repeating this kind of argument, one can show all elements in 11^ contribute 

to (j6.13p . Note for any [tt] E such that < -,71 >= 1, it can only contribute to which means 

it belongs to A 2 {G). Then the decomposition in Part (2) will follow from Proposition 15.111 immediately. 

□ 


Remark 6.25. Following the proof, we can also apply the same argument to elements in 11^ which 
contributes to (I6.13p . It follows all elements in contributes to (16.130 . For [vf] E FI^ such that 

< ■,n >= 1, it can only come from up to twisting by some character in Y. Note 

this is only true for x E 5^ — {1} in the sum (I6.12p . As a result, (16.131) becomes 


ujeY/a{SA 

where 

® w) = fy{^y (g) ujy). 

V 

Moreover, we have 

uj&Y/ci(S^) u]^Y/a{SAx&S^-{l} 


Suppose B^^ = B^ up to twisting by some character in Y for all x G S^ — {1}, then 


='rn<f> E 

ui&Y/a{S^) 

This is the stable multiplicity formula in Conjecture 15.181 We will come back to this identity in Theo¬ 
rem [6i30l 


Next, we will prove the corresponding statement of Conjecture 15.191 for G. 


Theorem 6.26. Suppose ^ E <^2(0) satisfying the assumption in Theorem \5.21\ and x G with a{x) = io 

for 6* E So and some character u of G{Ap)/G{F)G{Ap). For [if] E B^ with < .,77 >= 1, the canonical 
intertwining operator 


R{9)-^oR{co) 
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restricted to the tt- isotypic component I{tt) is equal to the product of m{Tr) and the local intertwining 
operators Aji^{6,ujy) determined by Xy (see (14.3p ). i.e. 

(6-14) = ^ feniG,x), 

uj'&/a{S^) [jr]Gn^(g]ii;' 

<',7r> = l 

where /ge(7f,a;) = Y\y fQe{^v,^v), and it does not depend on x. 

Proof. It follows from Theorem 16.241 that 

42';? if) = if) = Y1 ^i^' ^)he 

[s-]en^®w' 

where the sum of u)' is taken over 

aut 

V 

and |m(7f,0,a;)| is some integer less than or equal to 

aut 

m{4>) :=m<^| JJa(5g’)| |a(5^)r^ 

V 

By Lemma 15.251 we have 

x'&Sliuj) 

where the sum of u)' is again over 

aut 

V 

Therefore 

Y Y X] Y ^i^)f&i^®‘^'^^')- 

x'£S^{uj) 

<-,jf> = l 

By the twisted character relation, one can define a global packet ^ transferred from B^, for any 
x' E 5^(w). Note S^{u) = X ■ S^, then 

(6.15) Y Y X] X] Y < > fdoi^^^)’ 

WGn^(git^' UJ' y&S^ 

<',7r> = l 

where f^g{7r,uj) is normalized by x (cf. (|4.3lB . This implies 

Y Y '^i^^^’‘^)fG<^i^^^) = \‘SY^12Y'^i^) Y /g«(^’‘^)- 

[s-]Gn^®t^' uj' y&s^ 

<-,TT> = l <.,7i-> = l 

It follows from the linear independence of twisted characters of ^(G, y)-modules that we can choose 
B^ ^ = B^ for all x' G S^{uj). Then 

Y rn{it,9,uj)fQg{Tt,uj) = m{^) Y fcsi"^^^)- 

<','n->=l <.,7r>=l 
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So m{w,9,uj) = m{4>). Hence 

Lo'GY/a(S^) [-S-Jen^Ow' 


Now we are only left with proving the corresponding statement of Conjecture 15.181 From Remark 16.251 
we see the key is to prove the functoriality of endoscopic transfer. Here we would like to consider a more 
general notion of that, i.e., functoriality of twisted endoscopic transfer, and we formulate it in our 
context as follows. For (j) G $(G) and semisimple s G let (G', cj)') {cp, s) and G' G £{G,uj) be the lift 
of G' , the functoriality of twisted endoscopic transfer means the global L-packet H^, transfers to a global 
L-packet H^ through the local twisted character relation (14.2p . By the same argument in the proof of 
Lemma 14.111 we see the transfer of H^, only depends on the image x of s in 5,^. So we can denote the 
transfer image by H^ . 

Lemma 6.27. Suppose G = G{n) for n ^ N, p £ ^(G) such that = 1, then H^ = H^ up to twisting 
by some charaeter in Y for any x £ S^j,. 

Proof. For semisimple s £ S^f,, let {G',4>') —)• (</>, s). Suppose \S^g\ = oo, let be a maximal torus 

of then M' = Cent(r^^s, G') defines a proper Levi subgroup of G' such that p' factors through 

4>'m ^ Moreover, M' £ £eii{M) for a proper Levi subgroup M of G, which is determined by 

M = Cent(r<ji_s, G). So p factors through pM £ ^{M), and we can reduce this case to M. 

Next we assume < oo, then p £ ^f,u{G). In particular, s £ S^^eii and we let x be its image in S^. 

We can also assume x 7 ^ 1, then = 1 implies a(x) = a; 7 ^ 1. By Lemma 15.251 we have 

uj'eY/a{S^) 

By Lemma 15.221 and Theorem 16.261 we have 

= i^{x)f^{p®j,x). 

w'&Y/a(S^) 

Note e^(x) = i(j,{x) 7 ^ 0. Then by the linear independence of twisted characters, we have H^^ = H^ up to 
twisting by some character in Y . □ 

It is not hard to extend this result to the general case. 

Lemma 6.28. Suppose G = G(ni) x G(n 2 ) x • • • x G{nq), and p = pi x p 2 x ■■■ x pq £ 'F(G) with 
pi £ ^(G(nj)) for 1 ^ i ^ q. If = 1 for all i, then H^ = H^ up to twisting by some character in Y 
for any x £ S^. 

Proof. If we write the image of x in 50 . by x*, then by Lemma [6.271 (S)i=i n 7 is a global L-packet of 

G(ni) X G(n 2 ) x • • • x G{nq), and H^^ is its restriction to G. Since the restriction of a global L-packet is 
again a global L-packet, then H^ = H^ up to twisting by some character in Y. □ 

Remark 6.29. We would like to point out in the case of this lemma, 5^ can be nontrivial even though 
5^, = 1 for all i. For example, let G = Sp{2n) x Sp{2n) and p = {pi S P 2 ) x {pi^ P 2 ) £ ^ 2 {G). We 
assume the central characters satisfy 77 ^^ = 7 ^ 1 ^ then 5^ = Z/2Z. 


Now we can prove the corresponding statement of Conjecture 15.181 
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Theorem 6.30. Suppose G = G{ni) x G{n 2 ) x • • • x G{nq), and (f) = (j)i x (j )2 x ■ ■ ■ x 4>q £ ^ 2 {G) with 
4>i £ $(G(nj)) for 1 ^ i ^ q. If S^, = 1 for all i, then 

= X] l‘5^r^^('50)/'^(<^®w), f£'H{G,x). 

L0£Y/a[S^) 

Proof. It follows from Remark 16.251 and Lemma 16.281 that 

s%sc,<j>U) = 

ujeY/a(S^) 

Note in this case cr(Sj^) = 1- This finishes the proof. 

□ 

Up to now, we have proved the local and global theorems for G under our induction assumptions, 
when G does not contain any factor of SO{2N + 2,r]) (cf. Remark 16.ip . By adding these results to our 
induction assumptions, we can prove the general case by repeating the previous arguments in Section [6.41 
and Section 16.51 without any change. 

Appendix A. An irreducibility result 

The aim of this appendix is to prove Proposition 13.101 and Proposition 13.111 We should point out 
that neither these results nor their proofs are new, and just for the convenience of the readers we would 
like to present their proofs here. In this section G will always denote a symplectic group or special even 
orthogonal group. First, let us restate Proposition 13.101 and for its proof we will follow the same argument 
in |MS04] . 

Proposition A.l. If F is global and (j) £ then cfy £ 

Proof. Suppose is the unitary cuspidal automorphic representation of GL{N) associated to (j). By 
|Sha74] . is generic for all places v. And one knows from |JS83j that any irreducible generic represen¬ 
tation of GL{N) over a local field is a fully induced representation 

® u“2cr2 (8) • • • (8) 

where P is some standard parabolic subgroup of GL{N), ai are unitary essentially discrete series repre¬ 
sentations and Oj G M for 1 ^ i ^ r. So for our cf), we have 

(j)y = 2 © • • • © 

where 4>yj £ ^sim{IIv,j) for 1 ^ j ^ s. Since is also unitary, by the classification of unitary dual of 
GL{N) (archimedean case in |Tadn9| and nonarchimedean case in |Tad86] ). (f>y must belongs to 
In particular, |ajj < 1/2 for 1 ^ j ^ s. □ 

Next we restate Proposition 13.111 as follows. 

Proposition A.2. Suppose F is local, 4> £ can be regarded as </m,a where (f)M £ ^hdd{ISI) 

and A £ lies in some open chamber of P D M. Then for any [ttm] £ induced representation 

Ip{7rM,x) is irreducible. 

Before starting the proof, we want to introduce some notations for the parabolic induction. Suppose 
TTi and 712 are representations of GL{Ni) and GL{N 2 ) respectively, we will write vri x 712 for the parabolic 
induction of 7ri©7r2 by viewing GL{Ni) x GL(N 2 ) as the Levi component of a maximal parabolic subgroup 
in GL{Ni + N 2 ). And similarly, suppose tt and a are representations of GL{N) and G, we will write 
TT X (T for the parabolic induction of tt © cr by viewing GL{N) x G as the Levi component of a maximal 
parabolic subgroup in G+ which is of same type as G. 

The proof of this proposition breaks down to several steps. First notice (f £ ^u^niG), so we can write 

</> = </>G_ ® ® • • • ® ® 
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where G- is of the same type as G, (j)G_ £ ^bdd{G-), and G for 1 ^ i ^ m with 0 < ^ 

• • • ^ ai < 1/2. Then 

</>M = 4>G- © </>1 © • • • © (/'m G ^bdd{M), 

and A = (ai, 02 , • • • , Hm)- Let tt,^. be the corresponding essentially discrete series representation of GL{Ni) 
associated to for 1 ^ i ^ m, then any ttm G can be written as ttm = t^G- © © • • • © , 

for some 'Kg_ G . And Xp{'Km,\) = x • • • x ttg- - Next, we have two reduction steps. 

These steps are due to Speh and Vogan [SV80] . and they are also presented very clearly in |Mui05] . so 
we will state them without proofs. The first reduction is given by the following lemma. 

Lemma A.3. Ip{ttm,x) is irreducible if and only x ^ irreducible for 

all i / j, and also x ttg_ is irreducible for all i. 

To make the second reduction, we need to write (pG- = 4>g' ©(</>i©0i^)©‘ • '(B{4>n®Pn)^ where G'_ is of 
the same type as G- and Pg' G $ 2 (G'-), (f>'i G Then it is clear that ttg- is a subrepresentation 

of TT^/^ X • • • X X pg' some -Kg' G n<^^, . And we can state the second reduction as follows. 

Lemma A.4. For 1 ^ i ^ m, x 7rG_ is irreducible i/u“*7r<^. x ttai , u“*7r^. x ttY, are irreducible for 

1 ^ k ^ n, and also x ttg' is irreducible. 

Since 0 < Oj < 1/2 for 1 ^ i ^ m, by the theory of Zelevinsky [Zel80] and its archimedean analogue 
|Tad09] . we can see easily that x u“*7r<^. x u are irreducible for all i ^ j, and 

X TT^i , X ttY, are irreducible for all k. So it reduces to show x ttg' is irreducible for 

1 ^ i ^ m. And this is the consequence of the following proposition. 

Proposition A.5. Suppose vr and a are discrete series representations of GL{N) and G respectively, 
then the induced representation x a is irreducible ifO<a< 1/2. 

The proof of this proposition is divided into two cases: archimedean and nonarchimedean. The 
archimedean case follows from the result of Speh and Vogan directly, and we refer the readers to |SV80j for 
precise statement of their theorems. For the nonarchimedean case, the story is not that straightforward, 
and we will concentrate on this case. So now we assume F is nonarchimedean, and we can write the 
essentially discrete series of GL{N) as segments according to the classification theory of Zelevinsky 
|Zel80| . i.e. p^vr = p,v^^p) where p is a cuspidal representation of GL{dp), dp is defined by p, and 

/i + ^2 G with a = {I 2 — h)/‘^- Note that 2/2 + 1 ^ Z for 0 < a < 1/2. Then it is easy to see that the 
nonarchimedean case follows from the following theorem due to Tadic ( |Mui04| . Theorem 2.2). 

Theorem A.6. Suppose F is nonarchimedean, 6 = p,v^^p) and a is a discrete series of G. If 

p p^ or 2 I 2 + I ^ Z, then 5 yi a is irreducible. 

The proof of this theorem again involves several reduction steps. It is clear that there is no harm to 
assume I 2 > h. The simplest case is when 6 = u^p and fi is a cuspidal representation, and this has been 
settled by Moeglin in |MoegOO| . In fact, Moeglin has proved the following result. 

Proposition A.7. Suppose F is nonarchimedean, p and a are cuspidal representations of GL{N) and 
G respectively. If p = p^ and p“p y a is reducible, then a G ^Z, and p^p x a is irreducible for all 
/3 G M \ {±a}; If p ^ p^, then y\ a is irreducible for all I G M. 

We should point out the original proof of Proposition IA.7I in |MoegOO| is based on the assumption of 
functorial lifting from classical groups to general linear groups. Now it is unconditional by Arthur’s result 
|Artl3| . For the second reduction step of the proof of Theorem lA.61 Tadic shows the theorem is true for 
a being cuspidal in |Tad98] . and he uses an induction argument which is quite different from the proof of 
Proposition IA.71 Finally, we can consider the general case, i.e. a is a discrete series of G. Suppose a is 
not cuspidal, then by Moeglin-Tadics’ classification of discrete series of classical groups [MTn2j . one has 
an inclusion 

a '' -^ P^^TTl X p"2'7r2 X • • • X X cr' 

































82 


BIN XU 


where are self-dual essentially discrete series of GL{Ni), ai G and a' is a discrete series of G', 

where G' is of the same type as G. So we can do induction on the rank of G, and assume <5 x uMs 
irreducible, i.e. the standard intertwining operator h x a' ^ <5^ x a' is a bijection by the theory of 
Langlands quotient. Note that <5 x u“*7rj and <5'^ x are irreducible, so the normalized intertwining 

operators 

6 x u“*7rj —^—>■ x 6 


u“*7rj x (5^ "" > 5'^ X u"*7ri 

are bijections. Now consider the following composition of normalized intertwining operators. 

5 X a ^ 5 X x u“^7r2 x • • • x x a' ^ x h x x ■ ■ ■ x X cr' 

^ ^ x u“^7r2 x • • • x u"’"7rm X 5 X a ^ x u"^7r2 x • • • x u“"'7rm X 5'^ X a 

^ x u“^7r2 X ■ ■ ■ X 5'^ X X a' ^ ^ 5'^ X x u“^7r2 x • • • x u"'"7rm X a' 

This shows the standard intertwining operator 

5 X a ^ X a 

is a bijection, and hence <5 x u is irreducible. This finishes the proof of Theorem lA.61 
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